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Introduction 



In this thesis we will discuss some aspects of Commutative Algebra, which have in- 
teractions with Algebraic Geometry, Representation Theory and Combinatorics. In 
particular, we will use local cohomology, combinatorial methods and the representa- 
tion theory of the general linear group to study symbolic powers of monomial ideals, 
connectedness properties, arithmetical rank and the defining equations of certain va- 
rieties. Furthermore, we will focus on understanding when certain local cohomology 
modules vanish. The heart of the thesis is in Chapters 1, 2, 3 and 4. They are based on 
papers pubUshed by the author, but each chapter contains some results never appeared 
anywhere. 

Chapter 1 is an outcome of our papers [103, 104]. The aim of this chapter is to 
inquire on a question raised by Grothendieck in his 1961 seminar on local cohomology 
at Harvard (see the notes written by Hartshome [51]). He asked to find conditions on 
an ideal o of a ring R to locate the top-nonvanishing local cohomology module with 
support in a, that is to compute the cohomological dimension of a. We show, under 
some additional assumptions on the ring R, that the vanishing of H'^{R) for / > c forces 
some connectedness properties, depending on c, of the topological space Spec(7?/o), 
generalizing earlier results of Grothendieck [47] and of Hochster and Huneke [63]. 
When is a polynomial ring over a field of characteristic and a is a homogeneous 
ideal such that R/a has an isolated singularity, we give a criterion to compute the 
cohomological dimension of a, building ideas from Ogus [ ]. Such a criterion leads 
to the proof of: 

(i) A relationship between cohomological dimension of a and depth of R/a, which 
is a small-dimensional version of a result of Peskine and Szpiro [ ] in positive 
characteristic. 

(ii) A remarkable case of a conjecture stated in ['''^] by Lyubeznik, concerning an 
inequality about the cohomological dimension and the etale cohomological di- 
mension of an open subscheme of P". 

In order to show these results we use also ideas involving Complex Analysis and Al- 
gebraic Topology. 

In Chapter 2 we show some applications of the results gotten in the first chapter, us- 
ing interactions between Commutative Algebra, Combinatorics and Algebraic Geom- 
etry. It shapes, once again, on our papers [103, 104]. In the first half of the chapter we 
generalize a theorem of Kalkbrener and Sturmfels obtained in [ ' ' ]. In simple terms, we 
show that Grobner deformations preserve connectedness properties: As a consequence, 
we get that if S/I is Cohen-Macaulay, then A(-\/in(/)) is a strongly connected simpli- 
cial complex. This fact induced us to investigate on the question whether A(in(/)) is 
Cohen-Macaulay provided that S/I is Cohen-Macaulay and in(/) is square-free, sup- 
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plying some evidences for a positive answer to this question. Another consequence is 
the settlement of the Eisenbud-Goto conjecture, see [ ' 7], for a new class of ideals. In 
the second half of the chapter, we compute the number of equations needed to cut out 
set-theoretically some algebraic varieties. For an overview on this important problem 
we refer the reader to Lyubeznik [74]. The needed lower bounds for this number usu- 
ally come from cohomological arguments: This is our case, in fact we get them from 
the results of the first chapter For what concerns upper bounds, there is no general 
method, rather one has to invent ad hoc tricks, depending on the kind of varieties one 
deals with. For the varieties we are interested in, we get ideas from the Theory of 
Algebras with Straightening Laws, exhibiting the necessary equations. Among other 
things, we extend a result of Singh and Walther [96]. 

Chapter 3 is based on a preprint in preparation with Bruns and Conca, namely [21]. 
This time, beyond Commutative Algebra, Algebraic Geometry and Combinatorics, one 
of the primary roles is dedicated to Representation Theory. We investigate on a prob- 
lem raised by Bruns and Conca in [18]: To find out the minimal relations between 
2-minors of a generic m x «-matrix. When m = 2 (without loss of generality we can 
assume m < n), such relations define the Grassmannian of all the 2-dimensional sub- 
spaces of an n-dimensional vector space. It is well known that the demanded equations 
are, in this case, the celebrated Pliicker relations. In particular, they are quadratic. Dif- 
ferently, apart from the case m = n = 3, we show that there are always both quadratic 
and cubic minimal relations. We describe them in terms of Young tableux, exploit- 
ing the natural action of the group GL(W) x GL{V) on X, the variety defined by the 
relations (here W and V are vector spaces, respectively, of dimension m and «). Fur- 
thermore, we show that these are the only minimal relations when m = 3,4, and we 
give some reasons to believe that this is true also for higher m. Moreover, we compute 
the Castelnuovo-Mumford regularity of X, we exhibit a finite Sagbi bases associated 
to a toric deformation of X (solving a problem left open by Bruns and Conca in [19]) 
and we show a finite system of generators of the coordinate ring of the subvariety of 
L^-invariants of X, settling the "first main problem" of invariant theory in this case. The 
most of the results are proved more in general, considering f-minors of an m x n-matrix. 

Chapter 4 concerns our paper [105]. The aim is to compare algebraic properties 
with combinatorial ones. The main result is quite surprising: We prove that the Cohen- 
Macaulayness of all the symbolic powers of a Stanley-Reisner ideal is equivalent to the 
fact that the related simplicial complex is a matroid! The beauty of this result is that the 
concepts of "Cohen-Macaulay" and of "matroid", a priori unrelated to each other, are 
both fundamental, respectively, in Commutative Algebra and in Combinatorics. An- 
other interesting fact is that the proof is not direct, passing through the study of the 
symbolic fiber cone of the Stanley-Reisner ideal. It is fair to say that the same result 
has been proven independently and with different methods by Minh and Trung [84]. 
Actually, here we prove the above result for a class of ideals more general than the 
square-free ones, generalizing the result of our paper and of [84]. As a consequence, 
we show that the Stanley-Reisner ideal of a matroid is a set-theoretic complete inter- 
section after localizing at the maximal irrelevant ideal. We end the chapter presenting a 
strategy, through an example, to produce non-Cohen-Macaulay square-free monomial 
ideals of codimension 2 whose symbolic power's depth is constant. Here the crucial 
fact is that in the codimension 2-case the structure of the mentioned fiber cone has been 
understood better thanks to our work with Constantinescu [25]. 
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In addition to the four chapters described above, we decided to include a prelimi- 
nary chapter entitled "A quick survey of local cohomology". It is a collection of known 
results on local cohomology, the first topic studied at a certain level by the author Lo- 
cal cohomology appears throughout the thesis in some more or less evident form, so 
we think that such a preliminary chapter will be useful to the reader We added also 
five appendixes at the end of the thesis, which should make the task of searching for 
references less burdensome. 
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Notation 



Throughout the thesis we will keep notation more or less faithful to some textbooks: 

(i) For what concerns Commutative Algebra: Matsumura [80], Atiyah and Macdon- 
ald [3] and Bruns and Herzog [13]. 

(ii) For what concerns Algebraic Geometry: Hartshome [56]. 

(iii) For what concerns Algebraic Combinatorics: Stanley [100], Miller and Sturm- 
fels [81] and Bruns and Herzog [13, Chapter 5]. 

(iv) For what concerns Representation Theory: Fulton and Harris [43], Fulton [42] 
and Procesi [90]. 

• We will often say "a ring R" instead of "a commutative, unitary and Noetherian 
ring R". Whenever some of these assumptions fail, we will explicitly remark it. 

• The set of natural numbers will include 0, i.e. N = {0, 1,2,3, . . .}. 

• An ideal aof R will always be different from R. 

• If /? is a local ring with maximal ideal m, we will write {R, m) or m, if), where 
K = R/m. 

• Given a ring R, an /^-module M and a multiplicative system T C R, we will 
denote by T^^M the localization of M at T. U pis a prime ideal of R, we will 
write Mp instead of {R \ py^M. 

• Given a ring R, an ideal a C and an /^-module M, we will denote by M° the 
completion of M with respect to the a-adic topology. If {R,m) is local we will 
just write M instead of M"^. 

• The spectrum of a ring R is the topological space 

Spec{R) :^ {pC R : pis a prime ideal} 

supplied with the Zariski topology. I.e. the closed sets are y(a) := {p E 
Spec(/?) : p 3 a} with a varying among the ideals of /? and itself. 

• Given a ring R and an /^-module M, the support of M is the subset of Spec (7?) 

Supp(M) :== {p e Spec(/?) : M^j ^ 0}. 

• We say that a ring R is graded if it is N-graded, i.e. if there is a decomposition 
R = ®(GH^i such that each is an /?o-module and RiRj C Ri+j. The irrelevant 
ideal of R is R+ := ffi,>o/?/. An element x of R has degree i if x E /?,-. Therefore 
has degree / for any / e N. 
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• The projective spectrum of a graded ring R is the topological space 

PToi{R) := {p C R : pis a homogeneous prime ideal not containing 

where the closed sets are 1^ (a) :={<(£? G Proj {R) : p^a} with a varying among 
the homogeneous ideals of R. 

• When we speak about the grading on the polynomial ring S := Ik[xi , . . . ,Xn] in n 
variables over a field k we always mean the standard grading, unless differently 
specified: I.e. deg(xi) = deg(x2) = . . . = deg(x„) = 1. 

• For a poset 11 := (P, <) we mean a set P endowed with a partial order <. 



A quick survey of local 
cohomology 



This is a preliminaries chapter, which contains no original results. Our aim is just to 
collect some facts about local cohomology we will use throughout the thesis. This is 
a fascinating subject, essentially introduced by Grothendieck during his 1961 Harvard 
University seminar, whose notes have been written by Hartshorne in [51]. Besides it, 
other references we will make use of are the book of Brodmann and Sharp [10], the 
one of Iyengar et al. [66] and the notes written by Huneke and Taylor [65]. 

0.1 Definition 

Let Rhe a commutative, unitary and Noetherian ring. Given an ideal a C /?, we can 
consider the a-torsion functor Fq, from the category of /^-modules to itself, namely 

Ta{M) := y (0 :m a") := {m £ M : there exists n e N for which a"m = 0}, 

for any /^-module M. Clearly (M) C M. Furthermore if : M is a homomor- 
phism of /^-modules then 0(Fn(M)) C Fa(A^). So Fa(0) will simply be the restriction 
of (j) to Fa(M). It is easy to see that the functor F^, is left exact. Thus, for any / £ N, 
we denote by H'^ the ;th derived functor of F^, which will be referred to as the /th local 
cohomology functor with support in a. For an /^-module M, we will refer to H'^ (M) as 
the ;th local cohomology module of M with support in a . The following remark is as 
important as elementary. 

Remark 0.1.1. If a and b are ideals of R such that ^/a = Vb, then Fq = F^. Therefore 
H'g = Hi for every / € N. 

Example 0.1.2. We want to compute the local cohomology modules ofL as a 'L-module 
with respect to the ideal (d) C Z, where d is a nonzero integer An injective resolution 
of 2, is: 

— ^ Z A Q A Q/Z — > 0. 

From the above resolution, we immediately realize that H'^j-^{'L) = for any i > 2. 
Furthermore //|^^^(Z) — F(^/)(Z) = 0. So we have just to compute //^^^^(Z). To this aim 
let us apply Fj^/-) to the above exact sequence, getting: 

^ F(,)(Z) F(,)(Q) F(,)(Q/Z) 0. 
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By definition hIj-^{1) = r(,,)(Q/Z)/r(,,)(7r)(r(rf)(Q)). Since r(,,)(Q) ^ 0, we have 
H^^-^{X) = r(;;-j(Q/Z). Finally, r(^/)(Q/Z) consists in all elements s/t S Q/Z with 
s,t a'L and t dividing d" for some n € N. In particular, notice that H^j^{'L) is not 
finitely generated as a "L-module. 

It is worthwhile to remark that from the definition of local cohomology we get the 
following powerful instrument: Any short exact sequence of 7?-modules 

— >P — >M — ^A^ — >0 

yields the long exact sequence of /^-modules: 

-> Hl{P) Hl{M) H°,{N) — > HiiM) ^ . . . 
. . . ^ Hl-\N) Hi{P) HiiM) h;{N) H'+\P) ^ . . . (0.1) 

In Example 0. 1 .2 we had H'^^^ (Z) = for each / > 1 = dimZ. Actually Grothendi- 
eck showed that this is a general fact (for instance see [10, Theorem 6. 1 .2]): 

Theorem 0.1.3. (Grothendieck) Let R and a be as above. For any R-module M, we 
have H'^{M) = Qfor all i > dimM. 

Anyway, we should say that in Exemple 0. 1 .2 we were in a special case. In fact, an 
7?-module M has a finite injective resolution if and only if M is Gorenstein. 



0.2 Basic properties 

In addition to the long exact sequence (0.1), we want to give other three basic tools 
which are essential in working with local cohomology. The first property we want to list 
is that local cohomology commutes with direct limits (for example see [10, Theorem 
3.4.10]). 

Lemma 0.2.1. Let R and a be as usual. Let H be a poset and {Ma : cc G 11} a direct 
system over 11 of R-modules. Then 

Hl{]imMa)=limH'^{Ma) V / G N. 

As an immediate consequence of Lemma 0.2. 1, we have that 

Hi (M © A?) = Hi (M) © Hi (N) 

for any / e N and for any /^-modules M and A^. 

The second property we would like to state allows us, in many cases, to control 
local cohomology when the base ring changes. The proofs can be found, for instance, 
in [10, Theorem 4.3.2, Theorem 4.2.1]. 

Lemma 0.2.2. Let R and a be as above, M an R-module, R ^ S a homomorphism of 
Noetherian rings and N an S-module. 

(i) (Flat Base Change)If(j) is fiat, then H'^^^^^{M®rS)=HI{M)®rS for any i e N. 

The above isomorphism is functorial. 
(ii) (Independence of the Base) H'^{N) = H'^^^^g{N) for any i € N, where the first 
local cohomology is computed over the base field R and the second over S. The 
above isomorphism is functorial. 
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Lemma 0.2.2 has some very useful consequences: Let a and b be ideals of R, M an 
7?-module and T CR a multiplicative system. Then, for any / £ N, there are functorial 
isomorphisms 

T-'h',{M)=H[^_,^{T-'M) (0.2) 
H'^{M)(g,RR^^H'^^^{M®RR^) (0.3) 

Furthermore, if R is local, then its completion R is faithfully flat over R. So, for any 

ieN, 

Hi {M)=0 h[^{M®rR)^0. (0.4) 

The last basic tool we want to present in this section is the Mayer-Vietories se- 
quence, for instance see [10, 3.2.3]. Sometimes, it allows us to handle with the support 
of the local cohomology modules. Let a and b be ideals of R and M an /^-module. 
There is the following exact sequence: 

^ Hl^^{M) ^ Hl{M) ®Hl{M) Hl^^{M) ^ (M) ^ . . . 
. . . ^ K^^{M) ^ Hi{M)®H[{M) ^ Hl^.iM) ^ <+'f,(M) ^ . . . (0.5) 

0.3 Equivalent definitions 

In this section we want to introduce two different, but equivalent, definitions of local 
cohomology. Depending on the issue one has to deal with, among these definitions one 
can be more suitable than the other 

0.3.1 Via Ext 

Let R and a be as in the previous section. If « and m are two positive integers such 
that n > m, then there is a well defined homomorphism of /^-modules R / a" — > R/a'". 
Given an /^-module M, the above map yields a homomorphism HoniR {R/a"\M) — > 
Hom/;(7?/a",M), and more generally, for all / e N, 

Ext'R{R/a"\M) — ^ Ext'R{R/a",M). 

The above maps clearly yield a direct system over N, namely {Extjj {R / a" , M) : « G N} . 
So, we can form the direct limit lin^Ext^(/?/o",M). Since HomR{R/a'\M) = :m o", 
we get the isomorphism: 

i/°(M) = rQ(M) = lir^Hom/;(/?/a",M). 

More generally the following theorem holds true (for instance see [10, Theorem L3.8]): 

Theorem 0.3.1. Let R and a be as above. For any R-module M and i € N, we have 

hI{M) ^ lii^Ext5;(/?/a",M). 

Furthermore, the above isomorphism is functorial. 
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Actually, Theorem 0.3.1 can be stated as 

H^iM) = lii^Extj;(7?/a„,M), (0.6) 

where {a„)n^m is an inverse system of ideals cofinal with {a")nef^^ for ^ny « G N 
there exist k,m £N such that C a" and a'" C a„. Several inverse systems of ideals 
cofinal with (a")„gN have been used by many authors together with (0.6) to prove 
important theorems. Let us list three examples: 

(i) If ^ is a complete local domain and pis a prime ideal such that dimR/ p = 1, 
one can show that the inverse system of symbolic powers {p^"'^)nG'N is cofinal 
with (p")„eN- On this fact is based the proof of the Hartshome-Lichtenbaum 
Vanishing Theorem [52], which essentially says the following: 

Theorem 0.3.2. (Hartshorne-Lichtenbaum) Let R be a d- dimensional complete 
local domain and aQR an ideal. The following are equivalent: 

(a) Hi{R)=0; 

(b) dimR/a > 0. 

(ii) In the study of the local cohomology modules in characteristic p >0a very pow- 
erful tool is represented by the inverse system (a[''"l)„gN of Frobenius powers of 
a: The ideal a'''"l is generated by the p"th powers of the elements of a. The 
above inverse system played a central role in the works of Peskine and Szpiro 
[89], Hartshorne and Speiser [37] and Lyubeznik [78]. For instance, it was cru- 
cial in the proof of the following result of Peskine and Szpiro: 

Theorem 0.3.3. (Peskine-Szpiro) Let R be a regular local ring of positive char- 
acteristic and aQRan ideal. Then 

H'^iR) = V / > projdim(/?/a). 

(iii) The last example of inverse system we want to show was used by Lyubeznik in 
[73] when 7? is a polynomial ring and a is a monomial ideal. The (pretended) 
Frobenius «th power of a, denoted by a^"', is the ideal generated by the «th pow- 
ers of the monomials in o. The inverse system (a^"! )ne'H is obviously cofinal with 
(a")„gi!^. It was the fundamental ingredient in the proof of the following result: 

Theorem 0.3.4. (Lyubeznik) Let R be a polynomial ring and aQR be a square- 
free monomial ideal. Then 

i/j,(7;)=0 V/>projdim(/?/a) and Hr^^"^^'^^''\R) 0. 

0.3.2 Via the Cech complex 

Let a = fli , . . . jfljt be elements of R. The Cech complex of R with respect to a , C(a)*, 
is the complex of /^-modules 

^ CCa)" ^ C{ay ^ . . . ^ C(a)*^-i ^ Ciaf ^ 0, 



where: 

(i) C(a)«=/?; 
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(ii) For p 1 , . . . , /t, the /^-module C(a)P is ...„,^ ; 

1<11<I2<. ..<!,,<*: 

(iii) The composition 

C(a)''^C(a)i^/?„, 

has to be the natural map from R to Ra^ ; 

(iv) The maps dP are defined, for p ^ l,as follows; The composition 

Ra, -a, C(a)" ^ C(a)"+' Ra, 

"'1 ^ ' ^ ' n Ip+l 

has to be (—1)*^' times the natural map from /?a,y..a,^^ to Raj^ - uj whenever 

(;i /p) = (yi , jp+\)\ it has to be otherwise. 

It is straightforward to check that the Cech complex is actually a complex. Thus we 
can define the cohomology groups //'(C(a)*) = Ker(c/')/Im(c/'^'). For any /^-module 
M we can also define C(a,M)* = C(a)* ®rM. We have the following result (see [10, 
Theorem 5.1.19]): 

Theorem 0.3.5. Let a = (oi , . . . , ai^) be an ideal ofR. For any R-module M and i G N, 
we have 

HliM)^H'{Cia,My)- 
Furthermore, the above isomorphism is functorial. 

Probably the Cech complex supplies the "easiest" way to compute the local coho- 
mology modules. Anyway, even the computation of the local cohomology modules of 
the polynomial ring with respect to the maximal irrelevant ideal requires some effort, 
as the following example shows. 

Example 0.3.6. Let S = Ik[x,3'] be the polynomial ring on two variables over a field 
k, a\ = X and ai ~ y. Obviously = 0. We want to compute and 

H^^^,^{S). In fact, we know by Theorem 0.1.3 that H'^^^ ^^(S) ~ Q for any i> 2 = dim5. 

The Cech complex C(a)* is 

where the maps are: 

(i) d\f) = {f/\J/\); 

(ii) d\f/x",g/r)=^8Kxy)'"~ff/{xyf. 

One can easily realize that d^ {f / ,g/y'^) ~ if and only ifx"g = y'"f. Since x",y"^ 
is a regular sequence, d^{f/x",g/x"') = if and only if there exists h £ S such that 
f = x"h and g — y'^h. This is the case if and only if d^{h) ~ [f lx'^,gly'^^)- Therefore 
KeT{d^)^ lm{d°) and Theorem 0.3.5 implies Hl^^^^{S)=H\C{a)')=0. 

Notice that Sxj is generated by x"y"' as an S-module, where n and m vary in Z. 
Furthermore, if n > 0, then x"y"' = d^{0,x"y'"). Analogously, if m > 0, then x"y™ = 
d^ (— y"x" , 0). Moreover, if both n and m are negative, then it is clear thatx"y'" does not 
belong to the image of dK Therefore, using Theorem 0.3.5, H'^^^^{S) = //^(C(a)*) = 

5ri,/Im(c/') is the S-module generated by the elements x^"y^'^ with both n andm bigger 
than supplied with the following multiplication: 



[xPf) ■ {x-"y-n = 



I xP "y'l if p < n and q<m, 
1 otherwise 
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What done in Example 0.3.6 can be generalized to compute the local cohomology 
modules //|^,^ ^.^^ {k[xi ,jc„]). 

0.4 Why is local cohomology interesting? 

Local cohomology is an interesting subject on its own. However, it is also a valuable 
tool to face many algebraic and geometric problems. In this section, we list some 
subjects in which local cohomology can give a hand. 

0.4.1 Depth 

Let R and a be as usual and M be a finitely generated 7?-module such that oM 7^ M. We 
recall that 

grade(a,M) :=min{; : Extj;(7;/a,M) 7^ 0}. 

By the celebrated theorem of Rees (for instance see the book of Bruns and Herzog 
[13, Theorem L2.5]), grade(a,M) is the lenght of any maximal regular sequence on M 
consisting of elements of a. On the other hand, iffli,...,fl<.isa regular sequence on M, 
then a",...,a'l^ is a regular sequence on M as well. So, (0.6) implies that H'^{M) = 
for any / < grade(a,M). Actually, it is not difficult to show the following (for instance 
see [10, Theorem 6.2.7]): 

grade(a,M) = min{/ : //^(M) ^ 0}. (0.7) 

In particular, if R is local with maximal ideal m, then 

depthM = min{/ : Hi^{M) ^ 0}. (0.8) 

Therefore, one can read off the depth of a module by the local cohomology. 

0.4.2 Cohomological dimension and arithmetical rank 

The cohomological dimension of an ideal aC Ris the natural number 

cd(i?,a) :=sup{/eN : hI{R)^0} 
By Theorem 0.1.3 we have cd{R, o) < dimR. 

Remark 0.4.1. If cd{R,a) ^ s then for any /^-module M we have H'^{M) ~ for all 
/ > s. To see this, by contradiction suppose that there exists c > s and an /^-module M 
with H^{M) 0. By Theorem 0.1.3, we have c < dimR, so we can assume that c is 
maximal (considering all the /^-modules). Consider an exact sequence 

— >K — >F — >M — ^0, 

where F is a free /^-module. The above exact sequence yields the long exact sequence 

. . . ^ H^,{F) ^ //^(M) ^ H^+\K) ^ . . . . 

By the maximality of c it follows that //^+'(/:) =0. Furthermore //^(F) ^H'^{R)=0 
because local cohomology commutes with the direct limits (Lemma 0.2. 1). So, we get 
a contradiction. 
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The arithmetical rank of an ideal a C /? is the natural number 

ara(a) := min{^ : 3 ri , . . . , r^. e /? such that ^^(ri, . . . ,ri) = \/a}- 

If = Ik[jci , . . . jjCn] is the polynomial ring over an algebraically closed field k, by NuU- 
stellensatz ara(a) is the minimal natural number k such that 

2f{a)=HinH2n...nHk 

set-theoretically, where 3f{-) means the zero-locus of an ideal and the Hj's are hyper- 
surfaces of AJ^. From now on, anyway, we will consider varieties just in the schematic 
sense: For instance, AJ^ = Spec(k[xi , . . . ,x„]), y{a) = {p & A^ : a} and for 

^ ^ -'^k ^ hypersurface we mean that H = ^ {{/)), where / € k[xi , . . . ,x„]. In 
this sense we have that, even if k is not algebraically closed, ara(a) is the minimal 
natural number k such that 

r(a) =//in//2n...n//A:, 

where the H/s are hypersurfaces of AJ. Actually, the same statement is true whenever 
7? is a UFD. 

If R is graded and a homogeneous we can also define the homogeneous arithmetical 
rank, namely: 

ara/,(a) := min{^ : 3 ri, . . . g ^ homogeneous such that -/o = ^(ri 
Obviously we have 

ara(a) < ara/,(a). 

U R = k[x(), . . . ,x„] is the polynomial ring over a field k, then ara/,(o) is the minimal 
natural number k such that 

'r+{a)=Hir\H2r\...r\Hk 

set-theoretically, where the H/s are hypersurfaces of ¥'^. It is an open problem whether 
ara(o) = ara/,(a) in this case (see the survey article of Lyubeznik [74]). 

Remark 0.4.2. The reader should be careful to the following: If the base field is not 
algebraically closed, the number ara(a), where a is an ideal of a polynomial ring, might 
not give the minimal number of polynomials whose zero-locus is iF(a). For instance, 
if o = (/i , . . . ,/,„) C R[xi ,x„], clearly 

na) = nfi +■■■+/„,)■ 

However ara(a) can be bigger than 1 (for instance by (0.9)). 

From what said up to now the arithmetical rank has a great geometrical interest. 
Intuitively, everybody would say that there is no hope to define a curve of A^ as the 
intersection of 2 hypersurfaces. Actually this intuition is a consequence of the cele- 
brated Krull's Hauptidealsatz (for instance see Matsumura [ou. Theorem 13.5]), which 
essentially says: Given an ideal a in a ring R, 

ara(o) >ht(o). (0.9) 

If equality holds in (0.9), o is said to be a set-theoretic complete intersection. Not all 
the ideals are set-theoretic complete intersections, but how can we decide it? One lower 
bound for the arithmetical rank is supplied by the cohomological dimension, namely 



ara(a) > cd(/?,a). 



(0.10) 
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To see inequality (0.10) recall that the local cohomology modules H'^{R) are the same 
of H'^{R) (Remark 0.1.1). Then inequality (0.10) is clear from the interpretation 

of local cohomology by meaning of the Cech complex (Theorem 0.3.5). Actually, 
inequality (0.10) is better than (0.9) thanks to the following theorem of Grothendieck 
(for example see [ 1 (), Theorem 6. 1 .4]): 

Theorem 0.4.3. ( Grothendieck) Let a be an ideal of a ring R and M be a finitely 
generated R-module. Let pbe a minimal prime ideal of a and dimMp ~ q. Then 

Hl{M)^0. 

In particular cd(/?, a) > ht(a). 

Example 0.4.4. Inequality in Theorem 0.4.3 can be strict. Let R = k[[x,}', v, w]] be 
the ring of formal series in 4 variables over afield k and a — {xv,xw,yv^yw) = (x^y) H 
( V, w). We have that ht(a) = 2. Let us consider the following piece of the Mayer-Vietoris 
sequence (0.5) 

HliR)^ (R) ^ //4 {R) © //(t,,) (R) . 

ByTheorem0.4.3H^^^,^^^^_^{R):^Q, whereas H^^^,^{R)®H^^^^^.^{R) by (O.IO). There- 
fore Ill{R) has to be different from zero, so that cd{R,a) > 3 > 2 ~ ht(a). In partic- 
ular ara(a) > 3 > ht(a), thus a is not a set-theoretic complete intersection. Actually 
ara(a) = 3, in fact one can easily show that a = ^ (xv, yw, xw + yv). 

In Chapters 1 and 2, we will see many examples of ideals which are not set-theoretic 
complete intersections. 

0.4.3 The graded setting 

If 7? is a graded ring, a C is a graded ideal and M is a Z-graded /^-module, then 
the local cohomology modules II\{M) carry on a natural Z-grading. For instance, we 
can choose homogeneous generators of a, say a = aj , . . . ,fl^. Then we can give a Z- 
grading to the /^-modules in the Cech complex C(a,M)* in the obvious way. Moreover, 
it is straightforward to check that, this way, the maps in C(a,M)* are homogeneous. 
Therefore, the cohomology modules of C(a,M)* are Z-graded, and so II'^{M) is Z- 
graded for any ; e N by Theorem 0.3.5. For any integer d E Z, we will denote by 
[II'^{M)]ci, or simply by H'^{M)d, the graded piece of degree d of H\{M). Of course one 
could try to give a Z-grading to (M) also using Theorem 0. 3 . 1 , or computing directly 
the local cohomology functors as derived functors of rn( ) restricted to the category 
of Z-graded /^-modules. Well, it turns out that all the above possible definitions agree 
(see [ in. Chapter 12]). 

Suppose that /? is a standard graded ring (i.e. R is graded and it is generated by Ry 
as an /?o-algebra). The Castelnuovo-Mumford regularity of a Z-graded module M is 
defined as 

reg(M) := supjc/ + / : [//^^ (M)]^ ^ and / e N}. 

Unless [M] — for all / e N, it turns out that the Castelnuovo-Mumford regularity 
is always an integer (Theorem 0.1.3 and [10, Proposition 15.1.5 (ii)]). In the case in 
which Rq is a field, if M is a finitely generated Cohen-Macaulay Z-graded module, 
then, using (0.8) and Theorem 0. 1 .3 we have that 



reg(M) = sup{t/ + dimM : [H^''^^ {M)],, ^ 0}. 
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At this point it is worthwhile to introduce an invariant related to the regularity. Let 
Rhe a Cohen-Macaulay graded algebra such that Rq is a field. The a-invariant of R is 
defined to be 

flW:=supVeZ : [Hf^''{R)]d^O}. 
Therefore, if R is furthermore standard graded, then 

XQg{R) =a{R)+d^\mR. (0.11) 

Example 0.4.5. Let S = Ik[x,y] be the polynomial ring in two variables over afield k. 
By Example 0.3.6 we immediately see that a (S) = —2 and reg(5) = 0. More generally, 
if S = k[xi , . . . ,x„] is the polynomial ring in n variables over afield k, then a[S) = — n 
andxtg{S) = 0. 

Up to now, we have not yet stated one of the fundamental theorems in the theory of 
local cohomology: The Grothendieck local duality theorem. We decided to do so be- 
cause such a statement would require to introduce Matlis duality theory, which would 
take too much space, for our purposes. However, if the ambient ring R is a graded 
Cohen-Macaulay ring such that Rq is a field, we can state a weaker version of local 
duality theorem, which actually turns out to be useful in many situations and which 
avoids the introduction of Matlis duality. So let R be as above. By cor we will denote 
the canonical module of R (for the definition see [13, Definition 3.6.8], for the exis- 
tence and unicity in this case put together [13, Example 3.6.10, Proposition 3.6.12 and 
Proposition 3.6.9]). 

Theorem 0.4.6. (Grothendieck) Let R be an n-dimensional Cohen-Macaulay graded 
ring such that /?o = k is afield and let m ~ R+ be its maximal irrelevant ideal. For any 
finitely generated Tj-graded R-module M, we have 

dimk(//;,(M)_rf) = dimfc(Ext^-'(M, (Or)^) V ^/ G Z. 

In particular, if R = S = k[xi , . . . ,Xn] is the polynomial ring in n variables over a field 
k, we have 

dimk(7/4(M)_,,) = dimk(Ext^-'(M,5)^_„) V ^/ G Z. 

Proof. The theorem follows at once by [13, Theorem 3.6. 19]. For the part concerning 
the polynomial ring S, simply notice that (Os = S{—n). □ 

A consequence of Theorem 0.4.6 is that 

dimt{H^{R)_d) = dimi,(Homff cOr),,) = dimk{[(OR]d) V c/ G Z. 

So we get another interpretation of the a-invariant of a Cohen-Macaulay graded algebra 
such that Rq is a field, namely 

a{R) = -min{deZ : 7^ 0}. (0.12) 

If R — S is the polynomial ring in n variables over a field k, local duality supplies 
another interpretation of the Castelnuovo-Mumford regularity. For any nonzero finitely 
generated Z-graded 5-module M there is a graded minimal free resolution of M: 
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with p <n. Actually the natural numbers )3,.y are numerical invariants of M, and they 
are called the graded Betti numbers of M. Let us define 

r := max{ j - ; : j8;.y 7^ 0, / £ {0, . . . ,p}}. 

Then, for any / = 1, . . . ,/?, the 5-module Fi := ®jez^i~J)^''^ has not minimal gen- 
erators in degree bigger than r + i. This implies that lioms{Fi,S)ii — whenever 
d < —r — i. So, since Extg{M,S) is a quotient of a submodule of Hom5(/^,5'), we 
get that 

d<-r-i =^ Ext^(M,5),/ = 0. 
Actually, playing more attention, we can find an index / e {0, ■■■,p} such that 

Ext^(M,5)_,_,-^0 

(for the details see Eisenbud [34, Proposition 20.16]). Therefore, by Theorem 0.4.6, 
we get H'^'{M) -d-n = for any d < —r — i, which means that (A^ )a- = whenever 
j + k > r. Moreover there exists a j such that H^{M)r-j 7^ 0. Eventually, we get: 

reg(M) = max{y - / : p.j ^0, i e {0,...,p}}. (0.13) 

From (0. 1 3) it is immediate to check that a minimal generator of M has at most degree 
reg(M). This fact is true over much more general rings than S. 

Theorem 0.4.7. Let R be a standard graded ring and M be a finitely generated Z- 
graded module. A minimal generator ofM has at most degree reg(M). 

We end this chapter remarking a relationship between local cohomology modules 
and Hilbert polynomials. Let Rhe a graded ring such that = k is a field and let M 
be a finitely generated Z-graded 7?-module. We denote by HFm : Z — > N the Hilbert 
function ofM, i.e. 

HFM(af)-dimfe(M,,). 

A result of Serre (see [13, Theorem 4.4.3 (a)]) states that there exists a unique quasi- 
polynomial function P : Z -> N such that P{m) = HFm(»j) for any m » 0. Recall that 
"P quasi-polynomial function" means that there exists a positive integer g and poly- 
nomials Pi G Q[X] for ; = 0, . . . ,g — 1 such that P{m) = for all m ^ kg + i with 
k G Z. Such a quasi-polynomial function is called the Hilbert quasi-polynomial ofM, 
and denoted by HPm- If R is standard graded, then HPm is actually a polynomial func- 
tion of degree dimM — 1 by a previous theorem by Hilbert (see [13, Theorem 4.1.3]), 
and in this case HP^ is simply called the Hilbert polynomial ofM. The promised re- 
lationship between local cohomology modules and Hilbert polynomials is once again 
work of Serre ([ L^, Theorem 4.4.3 (b)]). 

Theorem 0.4.8. (Serre) Let R be a graded ring such that Rq = k. is a field and let 
m ~ R+. IfM is a nonzero finitely generated "Z-graded R-module of dimension d, then 

d 

HFmH -HPM(m) = ^(-l)'dimki/;i,(M),„ V m e Z. 

1=0 

Eventually, notice that Theorem 0.4.8 yields a third interpretation of the a-invariant. 
If P is a Cohen-Macaulay graded ring such that Rq is a field, then; 



a{R) = sup{/ e Z : \\¥R{i) ^ HPff(/)}. 



(0.14) 
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In his seminair on local cohomology (see the notes written by Hartshorne [5 1 , p. 79]), 
Grothendieck raised the problem of finding conditions under which, fixed a positive 
integer c, the local cohomology modules H'^{R) = for every / > c, where a is an ideal 
in a ring R. In other words, looking for terms under which cd(/?,a) < c. Ever since 
many mathematicians worked on this question: For instance, see Hartshorne [52, 53], 
Peskine and Szpiro [89], Ogus [87], Hartshorne and Speiser [57], Faltings [39], Huneke 
and Lyubeznik [64], Lyubeznik [78], Singh and Walther [97]. 

This chapter is dedicated to discuss the question raised by Grothendieck. Essen- 
tially, we will divide the chapter in two parts. In the first one we will treat of necessary 
conditions for cd(7?,a) being smaller than a given integer, whereas in the second one 
we will discuss about sufficient conditions for it. However, before describing the con- 
tents and results of the chapter, we want to give a brief summary of the classical results 
existing in the literature around this problem. 

First of all, the reader might object: Why do not ask conditions about the lowest 
nonvanishing local cohomology module, rather than the highest one? The reason is that 
the smallest integer / such that H'^{R) 7^ is well understood: It is the maximal length 
of a regular sequence on R consisting of elements of a, see (0.7). The highest non- 
vanishing local cohomology module, instead, is much more subtle to locate. Besides, 
the number cd{R, a) is charge of informations. For instance, it supplies one of the few 
known obstructions for an ideal being generated up to radical by a certain number of 
elements, see (0.10). The two starting results about "the problem of the cohomological 
dimension" are both due to Grothendieck: They are essential, as they fix the range in 
which we must look for the natural number cd{R, a) (Theorems 0.4.3 and 0. 1.3): 

ht(a) <cd{R,a) < dim/?. 

Let us set n := dim/?. In light of the results of Grothendieck, as a first step it was 
natural to try to characterize when cd{R, a) < « ^ 1- In continuing the discussion let us 
suppose the ring R is local and complete. Such an assumption is reasonable, since for 
any ring/?: 

(i) cd{R, a) = sup{cd(/?rn, ci^m) : m is a maximal ideal} by (0.2). 

(ii) cd(/?m, a/?m) = cd(^, a^) by (0.4). 

First Lichtenbaum and then, more generally, Hartshorne [52, Theorem 3.1], settled the 
problem of characterizing when cd(/?,a) < « — 1. Essentially, they showed that the 
necessary and sufficient condition for this to happen is that dimR/a > 0, see Theorem 
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0.3.2. By then, the next step should have been to describe when cd{R, a) < n — 2. In 
general this case is still not understood well as the first one. However, if R is regular, a 
necessary and sufficient condition, besides being known, is very nice. Such a condition, 
which has been proven under different assumptions in [52, 89, 64, 97], essentially is 
that the punctured spectrum of /?/a is connected. Actually, if the "ambient ring" R is 
regular, cd{R,a) can always be characterized in terms of the ring R/a ([87, 57, 78]). 
However, in any of these papers, the described conditions are quite difficult to verify. 
Our task in this chapter will be to give some necessary and/or sufficient conditions, as 
easier as possible to verify, for cd{R, a) being smaller than a fixed integer 

In the first section we will focus on giving necessary conditions for H'^{R) vanishing 
for any / bigger than a fixed integer The framework of this section comes from the first 
part of our paper [103]. As we remarked in 0.1.1, the local cohomology functors H'^ 
depend just on the radical of a. Therefore, a way to face the Grothendieck's problem 
could be to study the topological properties of Spec(/?/a). In fact, such a topological 
space and Spec{R/y/a) are obviously homeomorphic. Actually in this section we will 
act in this way; particularly, we will study the connectedness properties of Spec(/?/a), 
in the sense explained in Appendix B. In [63], Hochster and Huneke proved that if a 
is an ideal of an n-dimensional, (« — l)-connected , local, complete ring R such that 
cd{R, a) < n — 2, then 7?/a is 1 -connected, generalizing a result previously obtained by 
Faltings in [40]. We prove, under the same hypotheses on the ring R, that 



see Theorem 1.1.5. This result also strengthens a connectedness theorem due to Gro- 
thendieck [ , Expose XIII, Theoreme 2.1], who got the same thesis under the assump- 
tion that a could be generated hy r — s elements. To prove ( 1 . 1) we drew on the proof of 
Grothendieck's theorem given in the book of Brodmann and Sharp [10, 19.2.11]. (The- 
orem 1.1.5 has been proved independently in the paper of Divaani-Aazar, Naghipour 
and Tousi [33, Theorem 2.8]. We illustrate a relevant mistake in [33, Theorem 3.4] in 
Remark 1.1.8). 

We prove (1.1) also for certain noncomplete rings R, such as local rings satisfying 
the ^2 Serre's condition (Proposition 1.1.10), or graded rings over a field (in this case 
the ideal a must be homogeneous), see Theorem 1.1.11. This last version of (1.1) 
allows us to translate the result into a geometric point of view, dicscussing about the 
cohomological dimension of an open subscheme U of a scheme X projective over a 
field (Theorem 1.1.13). Particularly, we give topological necessary conditions on the 
closed subsetX\C/ for [/ being affine (Corollary 1.1.14). 

We end the section discussing whether the implication of (1.1) can be reversed. In 
general the answer is no, and we give explicit counterexamples. 

The aim of the second section, whose results are part of our paper [104], is to ex- 
plore the case in which R := Ik[xi , . . . ,x„] is a polynomial ring over a field k, usually of 
characteristic 0, and a is a homogeneous ideal. In this setting we have a better under- 
standing of the cohomological dimension. The characteristic assumption allows us 
to reduce the issues, the most of the times, to the case k = C: This way we can bor- 
row results from Algebraic Topology and Complex Analysis. A key result we prove is 




More generally, we prove that if R is r-connected, with r <n, then 




(1.1) 
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Theorem 1 .2.4. An essential ingredient in its proof is the work of Ogus [87], combined 
with a comparison theorem of Grothendieck obtained in [ ' S ] and classical results from 
Hodge theory. Theorem 1.2.4 gives a criterion to compute the cohomological dimen- 
sion of a homogeneous ideal o in a polynomial ring R over a field of characteristic 0, 
provided that R/a has an isolated singularity (see also Theorem 1.2.21 for a more al- 
gebraic interpretation). Roughly speaking, such a criterion relates the cohomological 
dimension cd{R, a) with the dimensions of the finite k-vector spaces 

[//,UA^n^/k)]o, 

where A R/a, n is the irrelevant maximal ideal of A and fi^/k is the module of 
Kahler differentials of A over k. In what follows, let us denote the A-module A^n^/jj 
by Q.j . The advantages of such a characterization are essentially two: 

(i) The cohomological dimension cd(/?,a), in this case, is an intrinsic invariant of 
A = R/a, which is not obvious a priori. 

(ii) The dimensions dimi|j[//^(i2'')]() are moderately easy to compute, thanks to the 
Grothendieck's local duality (see Theorem 0.4.6): 

dimk[i/;(n^)]o = dimt[Exff'iaj,R)U. 

Even if Theorem 1 .2.4 will essentially be obtained putting together earlier results with- 
out upsetting ideas, it has at least two amazing consequences. The first one regards a 
relationship between depth and cohomological dimension. Before describing it, let us 
remind the result of Peskine and Szpiro mentioned in Theorem 0.3.3. It implies that, if 
char(k) > 0, then 

depth(/?/a) > r =^ cd{R,a) <n-t. (1.2) 

In characteristic 0, the above fact does not hold true already for f = 4 (see Example 
1.2.14). However, for f < 2, (1.2) holds true also in characteristic from [52] (more 
generally see Proposition 1.2.15). Well, Theorem 1.2.4 enables us to settle the case 
/ = 3of(1.2) also in characteristic 0, provided that R/a has an isolated singularity (see 
Theorem 1.2.16). From this fact it is natural to raise the following problem: 

Question 1 .2.17. Suppose that Risa regular local ring, and that a C 7? is an ideal such 
that depth(/?/a) > 3. Is it true that cd{R, a) < dimR - 3? 

The second consequence of Theorem 1.2.4 consists in the solution of a remarkable 
case of a conjecture done by Lyubeznik in p'']. It concerns a relationship between 
cohomological dimension and etale cohomological dimension of a scheme, already 
wondered by Hartshorne in [53]. The truth of Lyubeznik's guess would imply that 
etale cohomological dimension provides a better lower bound for the arithmetical rank 
than the one supplied by cohomological dimension (see (A. 7) and (0.10)). In Theorem 
1.2.20 we give a positive answer to the conjecture in characteristic 0, under a smooth- 
ness assumption. On the other hand, Lyubeznik informed us that recently he found a 
counterexample in positive characteristic. 

1.1 Necessary conditions for the vanishing of local co- 
homology 

Let a be an ideal of an ring R, and c be a positive integer such that ht(o) < c < dimR. 
As we anticipated in the introduction, this section is dedicated in finding necessary 
conditions for H'^ (R) vanishing for any ; > c. Mainly, we will care about the topological 
properties which Spec(/?/a) must have to this aim. 
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1.1.1 Cohomological dimension vs connectedness 

The purpose of this subsection is to prove Theorem 1.1.5. It fixes the connectedness 
properties that Spec(/?/a) must own in order to H'^{R) vanish for all / > c. Theorem 
1. 1.5 has as consequences many previously known theorems. Especially, we remark a 
theorem by Grothendieck (Theorem 1.1.6) and one by Hochster and Huneke (Theorem 
1.1.7). 

Let us start with a lemma which shows a sub-additive property of the cohomologi- 
cal dimension. It will be crucial to prove Proposition 1.1.2. 

Lemma 1.1.1. Let R be any ring, and a, h ideals ofR. Then 

cd{R,a + b) <cd{R,a)+cd{R,b). 

Proof. By [10, Proposition 2.1.4], maps injective /^-modules into injective ones. 
Furthermore notice that Fa o F^ = Fa+b- So the statement follows at once by the spec- 
tral sequence 

E;^=HUHi{R)) =^K%iR), 
for instance see the book of Gelfand and Manin [44, Theorem 111.7.7]. □ 

The next two propositions strengthen [10, Proposition 19.2.7] and [10, Lemma 
19.2.8]. 

Proposition 1.1.2. Let {R,m) be a complete local domain and let a and h be ideals of 
R such that dm\R/a > dim/?/(o+ b) and dim/?/b > dim/?/ (a + b). Then 

cd{R,ar\b) >dim/;-dim/?/(a+b)-l 

Proof. Set n := dimR and d := dim/?/(o + b). We make an induction on d. U d = 
we consider the Mayer- Vietoris sequence (0.5) 

■ ■ ■ KniW ^ ^ K{R)®H",{R) 

Hartshorne-Lichtenbaum Vanishing Theorem 0.3.2 implies that H'^{R) = H^{R) ~ 
and H^+bW 0- ■5° above exact sequence implies cd{R, aO b) > n — I . 

Consider the case in which d > 0. By prime avoidance we can choose an element 
X e m such that x does not belong to any minimal prime of a, b and a + b. Then 
let a' = a + (x) and b' = b + (x). From the choice of x and by the Hauptidealsatz 
of Krull it follows that dimR/{a' + b')=d-l, dimR/a' = dim/?/o - 1 > - 1 and 
dim/?/b' = dim/?/b — 1 > d — I; hence by induction we have cd{R, a' D b') > n — d. 
Because ^anb + (x) = Va'nb', then Hi,^^^,{R) = ^/jjnb+(x)(^) f^"" ' ^ ^- 
Lemma 1.1.1 we have 

n-d< cd{R, a' n fa') = cd(/?, an b + (x)) < cd{R,anb) + 1 . 

Therefore the proof is completed. □ 

The next result is a generalization of Proposition 1.1.2 to complete local rings 
which are not necessarily domains. 

Proposition 1.1.3. Let R be an r-connected complete local ring with r < dimR. Con- 
sider two ideals a, b ofR such that dim/?/a > dimR/ (a+ b) < dimi?/b. Then 



cd{R,anb) > r-dimR/{a+b). 



(1.3) 
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Proof. Set d := dim/?/ (a + b), and let pi,... , p,„ be the minimal prime ideals of R. 
First we consider the following case: 

3 / e {1, . . . ,m} such that dimR/{a + pi) > d and dimR/{b + pi) > d. 

In this case we can use Proposition 1.1.2, considering R/ pi as R, {a + pi) / pi as a and 
(b + Pi)/pi as b. Then 

cd(iJ/^i, ((a + pi) n (b + pO)/<fS',) > AimR/pi -d-l. 

Notice that 

cd{R/pi, ((a + p,) n (b + p,))/Pi) = cd{R/p„ ((an b) + pi)/pi) < cd{R,anb) 

by Lemma 0.2.2 (ii). Moreover dim > r. If dimR/ pi ~ dim/?, then this follows 
by the assumptions. Otherwise R is a reducible ring, thus Lemma B.0.5 (ii) implies 
dimR/ pi > r. So we get the thesis. 
Thus we can suppose that 

V/e {l,...,m} either dimR/ {a + pi) < d or dimR/{b + pi) < d. 

After a rearrangement we can pick s £ {l,...,m — 1} such that for all ; < i we have 
dimR/ {a + pi) < d and for all ; > 5 we have dimR/ {a + pi) > d. The existence of such 
an iis guaranteed from the fact that dimR/a> d and dimR/b > d. Let us consider the 
ideal of R 

q = (pi n . . . n A-) + iPs+i n . . . n p„) 

and let phea minimal prime of q such that dimR/ p^ dim/?/q. Lemma B.0.5 (i) says 
that dimR/p > r. Moreover, since there exist i G { 1 , . . . , i} and y G {i + 1 , . . . , m} such 
that p C p e Pj C p, we have 

dimR/{a + p) <di\mR/{a + pi) <d and 
dimR/{b + p) < dimR/{b + pj) < d 

Therefore we deduce that dimR/ ((an b) + p) < d. But R/ pis catenary, (see Mat- 
sumura [80, Theorem 29.4 (ii)]), then 

ht(((an b) + p)/p) = dimR/p- dimR/ {{an b) + p). 

and hence ht{{{anb) + p)/ p) >r-d. So Lemma 0.2.2 (ii) and Theorem 0.4.3 

cd(/;, an b) > cd{R/p, ((a n b) + p)/p) >r-d. 

□ 

The hypothesis r < dimR in Proposition 1.1.3 is crucial, as we are going to show 
in the following example. 

Example 1.1.4. Let R = k.[[x,y]] the ring of formal power series over a field k, a = 
{x) and b = {y). Being a domain, R is 2-connected by Remark B.0.3 (dimR = 2). 
Moreover cd{R,ar\b) = cd{R,{xy)) < 1 byiO.lO). Finally dimR/ {a +b) ^0, therefore 
Proposition 1.1.3 does not hold if we chose r = 2. However in this case, and in general 
when R is irreducible, we can use Proposition 1.1.3 choosing r = dimR — 1. 
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Eventually, we are ready to prove the main theorem of this section. 

Theorem 1.1.5. Let R be an r-connected complete local ring with r < dim/?. Given 
an ideal R, we have 



Proof. Let pi,..., p^ be the minimal primes of a. If m = 1 , then R/ais (dim/? /a) - 
connected. Let phe a minimal prime of R such that pC p\. Using Lemma 0.2.2 (ii) 
and Theorem 0.1.3 we have cA{R,a) = cA{R,p\) > cA{R/ p,p\/ p) > ht{pi/p). So, 
since R/ pis catenary, we have 

dim/?/a = dimR/pi = dimR/ p-ht{pi/ p) > dimR/ p- cd{R,a). 

By Lemma B.0.5 (ii) we get the thesis. If m> 1, let A and B be a pair of disjoint subsets 
of { 1 , . . . , m} such that AUB = {l,...,m} and, setting 



R/a is c-connected (the existence of A and B is ensured by Lemma B.0.5 (i)). Set 
of ■— ^ieApi ™d := CijeBpj- Since dim/?/ ^ > c and dxmRj J(f > c. Proposition 
1.1.3 implies 



As we have already mentioned Theorem 1.1.5 unifies many previous results con- 
cerning relationships between connectedness properties and the cohomological dimen- 
sion. For instance, since cd(/?,a) bounds from below the number of generators of a 
by (0. 10), we immediately get a theorem obtained in [-i/, Expose XIII, Theoreme 2. 1] 
(see also [10, Theorem 19.2.11]). 

Theorem 1.1.6. (Grothendieck) Let (/?,m) be a complete local r-connected ring with 
r < dim/?. If an ideal aC R is generated by r ^ s elements, then R/a is s-connected. 

Theorem 1.1.5 implies also [63, Theorem 3.3], which is in turn a generalization of 
a result of [40]. See also Schenzel [92, Corollary 5.10]. 

Theorem 1.1.7. (Hochster-Huneke) Let (/?,m) be a complete equidimensional local 
ring of dimension d such that H^[R) is an indecomposable R-module. If cd{R,a) < 
c/ — 2, then the punctured spectrum Spec(/?/a) \ {m} is connected. 

Proof. Since //m(/?) is indecomposable, [63, Theorem 3.6] implies that R is connected 
in codimension 1. Because Spec(/?/a) \ {m} is connected if and only if /?/a is 1- 
connected, the statement follows at once from Theorem 1.1.5. □ 

Remark 1.1.8. In [33, Theorem 3.4] the authors claim that Theorem 1.1.7 holds with- 
out the assumption that //m(/?) is indecomposable. This is not correct, as we are going 
to show: Set R := k[[ji:,y, m, v]]/ {xu,xv,yu,yv) and let a be the zero ideal of /?. The min- 
imal prime ideals of R are (x,y) and (m, v), so /? is a complete equidimensional local 
ring of dimension d ~2, and cd(/?, a) = = J — 2. From Lemma B.0.6 (i) one can 
see that R/a = R is not 1 -connected. Therefore the punctured spectrum of /?/a is not 
connected. 





dimR/{^ +Jf) > r-cd(/?,^njr). 



Since y/a = ^ H J^, the theorem is proved. 



□ 
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1.1.2 Noncomplete case 

So far, we have obtained a certain understanding of the problem assuming the ambient 
ring R to be complete. Of course, in the results of the previous subsection we could 
have avoided the completeness assumption. The inconvenient would have been that we 
should have complicated the statements asking for properties of the rings after com- 
pleting, e.g.: Let R be a local ring such that R is r-connected. The aim of the present 
subsection is to introduce rings for which, even if noncomplete, the results of the pre- 
vious section still hold true, without using "completing-hypothesis". We start with a 
lemma. 

Lemma 1.1.9. Let {R,m) be a d-dimensional local analytically irreducible ring (i.e. 
R is irreducible). Given an ideal a C we have 

cAiR^a) < d ~ s — \ R/ais s-connected. 

Proof. Since R is irreducible, it is t/-connected. In particular it is (d — l)-connected. 
Moreover, cd(/?,a) = cd(^,a^) by (0.4). Thus Theorem 1.1.5 yields that R/aRis s- 
connected. Eventually, Lemma B.0.8 (i) implies that R/ais i-connected as well, and 
we conclude. □ 

The following proposition gives a class of rings for which we do not have to care 
about their properties after completion. Let us remark that such a class comprehends 
Cohen-Macaulay local rings. 

Proposition 1.1.10. Let R be a d-dimensional local ring satisfying Serre's condition 
S2, which is a quotient of a Cohen-Macaulay local ring. Given an ideal aQR, we have 

cd{R,a) < d — s — I =^ R/ais s-connected. 

Proof. The completion of R satisfies 52 as well as R (see [80, Exercise 23.2]). Then R 
is connected in codimension 1 by Corollary B.1.3. Arguing as in the proof of Lemma 
L L9, we conclude. □ 

Now we prove a version of Theorem 1. 1.5 in the case when R is a graded algebra 
over a field. Such a version will be useful also in the next chapter 

Theorem 1.1.11. Let R be a graded r-connected ring such that Rq is a field, with 
r < dimR. Given a homogeneous ideal a C 7?, we have 

cd(/?, a) < r — s R/ a is s-connected. 

Proof. Let m be the irrelevant maximal ideal of R. Using Lemma B.0.5 (i), since the 
minimal prime ideals of R are in m, we have that Rm. is r-connected. Furthermore, let us 
notice that R^ = R^. Since the minimal prime ideals of Rm come from homogeneous 
prime ideals of R, by Lemma B.0.9 their extension pR-m belongs to Spec(^ni)- Then 
Lemma B.0.8 (ii) yields that ^rn is r-connected. Notice that, by (0.4) and (0.2) we have 

cd{Rm,aRm)<cd{R,a), 

so Rm/aRxn is i-connected by Theorem 1.1.5. Lemma B.0.8 (i) implies that/?m/a/?m is 
i-connected as well. Eventually we conclude by Lemma B.0.5 (i): In fact the minimal 
primes of a, being homogeneous, are in m, so R/a is ^-connected as well as Rm/aRm- 

□ 
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1.1.3 Cohomological dimension and connectedness of open sub- 
schemes of projective schemes 

In this subsection we give a geometric interpretation of the resuhs obtained in Subsec- 
tion 1.1.2, using (A. 6). More precisely, given a projective scheme X over a field k and 
an open subscheme U CX, our purpose is to find necessary conditions for which the 
cohomological dimension of U is less than a given integer By a well known result of 
Serre, there is a characterization of noetherian affine schemes in terms of the cohomo- 
logical dimension, namely: A noetherian scheme X is affine if and only if cd{X) = 
(see Hartshorne Theorem 3.7]). Hence, as a particular case, in this subsection 
we give necessary conditions for the affineness of an open subscheme of a projective 
scheme over k. This is an interesting theme in algebraic geometry, and it was studied 
from several mathematicians (see for example Goodman [43] or Brenner [9]). For in- 
stance, it is well known that if X is a noetherian separated scheme and [/ C X is an 
affine open subscheme, then every irreducible component of Z = X \ U has codimen- 
sion less than or equal to 1 . Here it follows a quick proof. 

Proposition 1.1.12. Let X a noetherian separated scheme, U CX an affine open sub- 
scheme and Z ~ X\U. Then every irreducible component ofZ has codimension less 
than or equal to 1. 

Proof. Let Z\ be an irreducible component of Z and let V be an open affine such that 
V C\Z\ 7^ 0. Since X is separated, f/ n V is also affine, and since codim(Zi,X) ~ 
codim(Zi ny,y), we can suppose that X is a notherian affine scheme. So let R and 
a C 7? be such that X = Spec(/?) and Z = X^(a). By the affineness criterion of Serre, 
we have H'{U, ffx) = for all ; > 0. Then (A.5) implies cd(/?,a) < 1. This implies 
ht(p) < 1 for all p minimal prime of a (Theorem 0.4.3). □ 

In light of this result it is natural to ask: What can we say about the codimension of 
the intersection of the various components ofZ? To answer this question we investigate 
on the connectedness of Z. 

Theorem 1.1.13. Let X be an r-connected projective scheme over a field k with r < 
dimX, U QX an open subscheme and Z = X\U. Then 



Proof. Let X ~ Proj (R), with R a graded finitely generated k-algebra, and let a C be a 
graded ideal defining Z. Then, from (A. 6) it follows that cd{R,a) < r — s. By Example 
B.0.4 (ii) we have that 7? is (r+ l)-connected. Therefore, from Theorem 1.1.11 we get 
that 7?/a is {s+ l)-connected. So Z = ^+{0) is i-connected, using Example (B.0.4) (ii) 



From Theorem 1.1.13 we can immediately obtain the following corollary. 

CoroUary 1.1.14. Let X be an r-connected projective scheme over afield k with r < 
dimX, U ^ X an open subscheme and Z — X\U. If U is affine, then Z is (r — 1)- 
connected. In particular, ifX is connected in codimension 1 and codimxZ = 1, then Z 
is connected in codimension I. 




once agam. 



□ 



Proof. By the affineness criterion of Serre cd{U) = 0, so we conclude by Theorem 
1.1.13. □ 
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Example 1.1.15. Let R:~k[XQ, . . . ,X4]/ and denote by Xi the residue 

class ofXj modulo R. Consider the ideal a = [x(jXi^xox^,x\X2,X2Xj,) = ^1 H ^ C 
where p\ = (xo,X2) and pi = (xi ,xj,). Clearly p\ and pi are prime ideals of height I, 
therefore U = Proj (7?) \ 7^ (a) might be affine. Since Proj (R) is a complete intersection 
o/P^, it is connected in codimension 1 (Proposition B.1.2). But d\m"V+{p\ + pi) = 0, 
therefore 1^(a) is not l-connected by Lemma B.0.5 (i). Thus, by Corollary LL14 we 
conclude that U is not affine. 

1.1.4 Discussion about the sufficiency for the vanishing of local co- 
homology 

Theorem 1.1.5 gives a necessary condition for the cohomological dimension to be 
smaller than a given integer In order to make the below discussion easier, suppose 
that the local complete ring (/?,m) is an n-dimensional domain. In this case Theo- 
rem 1.1.5 says the following: If a is an ideal of R such that cd{R,a) < c, then R/a is 
{n — c)-connected. One question which might come in mind is if the condition R/a is 
s-connected is also sufficient to cd{R, a) being smaller than n — s. If s = 1, with some 
further assumptions on R, Theorem 1.1.5 can actually be reversed. This fact has been 
proven by various authors, with different assumptions on the ring R and different tools, 
see [52], [87], [89] and [97]. The more general version of the result has been settled in 
[64, Theorem 2.9]. First recall that a local ring (A,m) is l-connected if and only if its 
punctured spectrum Spec(A) \ {m} is connected (Example B.0.4 (i)). 

Theorem 1.1.16. (Huneke and Lyubeznik) Let R be an n-dimensional local, complete, 
regular ring containing a separably closed field. For an ideal aQ R, 

cd{R,a)<n—2 dim/?/a>2 and R/a is l-connected. 

The next step we might consider is the case in which R/a is 2-connected. From 
Theorem 1.1.5 we know the following implication: 

cd(7?,a)<« — 3 dimR/a>3 and R/a is 2-connected. (1.4) 

Unfortunately, this time, the converse does not hold, neither assuming R to be regular 
We show this in the following example. 

Example 1.1.17. Let R := k.[[xi,xi,x^,X4,x^]] be the (5-dimensional) ring of formal 
power series in 5 variables over afield k. Let us consider the ideal ofR 

a:~ {x\xiX4,x\x^X4,x\x^Xi,xixj,xs,xiX4) — (x\,xi)C\{xi,x^)C\{xT,,X4)C\(x4,Xi). 

One can see, for instance using Lemma B.0.7, that A = R/a is 2-connected. However 
we are going to show that cd{R, o) > 3 = 5 — 2. To this aim, let us localize A at the 
prime ideal p~ {x\,xi,X4,xs). Since xt, is invertible in Rp, we have that 

Ap = Rp/{xiX4,xiXs, X1X4 , xix^ ) . 

Moreover, b = oRp = (x\Xi,.,x\X's,xiX4,xiX's) — {xi,xi) D (x3,X4). By Lemma B.0.6 it 
follows that A p is not I -connected. Moreover notice that R p is analytically irreducible, 
since R p is a 4-dimensional regular domain as well as R p. Therefore, Proposition 1.L9 
implies that cd{Rp, b) > 3. So (0.2) implies that cd(R, a) > 3. 
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In Example 1.1.17, we exploited the fact that the connectedness properties of a 
ring, in general, do not pass to its localizations. More precisely, even if a ring A is r- 
connected, in general it might happen that is not i-connected for some prime ideal p 
of A, where s = ht{p) + r — dimA is the expected number This fact was the peculiarity 
of Example 1.1.17 which allowed us to use Theorem 1.1.5. So it is understandable if 
the reader is not appeased from the above example, especially because there are rings 
in which such a pathology cannot happen. For instance if the ring A is a domain, and 
therefore dimA-connected, then Ap is a domain for any prime p, and therefore htp- 
connected. So, we decided to give a counterexample to the converse of (1.4) also in 
this situation, i.e. when a is a prime ideal. 

Example 1.1.18. Consider the polynomial ring R'" C[xi,jic2,X3,jii:4] and the C-algebra 
homomorphism 

<^:R"' C[t,u] 

X2 I— >■ tU 

X3 I— >■ u{u — 1) 

X4 i~> m^(m — 1) 

The image of ^ is the coordinate ring of an irreducible surface in A^, and it has been 
considered by Hartshorne in [50, Example 3.4.2]. It is not difficult to see that 

a!" := Ker(0) = (xiX4 — X2X3,x'^X3 +xiX2 — X2,X3 +X3X4 — X4). 

Obviously a'" is a prime ideal of R'". Let us denote by R" the ring of formal power 
series C[[xi,X2,X3,X4]]. Doing some elementary calculations, one can show that there 
exist gijH,g2,h2 G R" such that {gi,hi,g2,h2) — (xi,X2,X3,X4) (we are considering 
ideals in R") and 

= Vi8uhi)n x/{g2,h2), 

where a" := a"'R" (see [10, Example 4.3.7]). Using Lemma B.0.6, we infer that R" /a" 
is not l-connected. 

Now let us homogenize a'" to a', i.e. set 

a' = (xiX4 — X2X3,XjX3 +X0X1X2 — xoX2,X3 +X0X3X4 — X0X4) C = 7?"'[xo]. 

The ideal a' is prime as well as a'" (for instance see the book ofBruns and Vetter [15, 
Proposition 16.26 (c)]). Furthermore dim7?'/a' = dimR'" / a'" + 1=3. Eventually, set 
R := C[[xo, . . . 5X5]] and a ;= a'R. The ideal a is prime by Lemma B.0.9. Moreover, 
dimR/ a = dim7?'/a' = 3. Thus R/a is 3-connected. In particular it is 2-connected! 
Let us consider the prime ideal p= (xi ,X2,X3,X4) C R. Since Rp is a 4-dimensional 
regular local ring containing C, then Cohen's structure theorem implies Rp ^ R". 
Furthermore, since xq is invertible in Rp, the ideal aRp C Rp is generated by X1X4 — 
X2X3, XjX3 +X1X2 — X2 andx^ +X3X4 — x^. Therefore, the ideal a read in R" is the same 
ideal of a". So, Rp/aRp is not l-connected as R" /a" is not. At this point. Theorem 
1.1.5 implies 

cd{Rp,aRp)>3. 

So, using (0.4) and (0.2), we have 

cd(/?,a) >3 >5-3. 

This shows that the converse of (1.4) does not hold, neither if we assume that R is the 
ring of formal power series over the complex numbers and that aQR is a prime ideal. 
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As the reader can notice, also in the above example we used Theorem 1.1.5. In 
fact, with that notation, the ideal aCR, even if prime, was still a bit pathological. That 
is, we found a prime ideal pof A — R/a such that A p was not ht^-connected, at the 
contrary of A p. Once again, the reader might demand an example in which all the 
completion of the localizations of A are domain. To this aim, for instance, it would be 
enough to consider an ideal a C 7? such that A =R/a has an isolated singularity, i.e such 
that is a regular ring for any non maximal prime ideal p. In fact the completion 
of a regular ring is regular, thus a domain. Also in this situation, counterexamples to 
(1.4) still exist. However to construct them are needed techniques different from those 
developed in this section. How to establish these examples will be clear from the results 
of the next section. 

1.2 Sufficient conditions for the vanisliing of local co- 
homology 

In this section, we will focus on giving sufficient conditions for cd{R, a) < c. However 
the conditions we find will often be also necessary. To this aim we have to move to a 
regular ambient ring. Actually, we will even suppose that the ring R is a polynomial 
ring over a field of characteristic 0. Moreover the ideal o will be homogeneous and such 
that R/a has an isolated singularity, which is a case of great interest by the discussion of 
Subsection 1.1.4. Let us recall that the assumption "R/a has an isolated singularity" is 
equivalent to "X = Proj(7?/a) is a regular scheme", i.e. the local rings ^^x.p are regular 
for all points P of X. If the field is algebraically closed, this is in turn equivalent to X 
being nonsingular. 

1.2.1 Open subschemes of the projective spaces over a field of char- 
acteristic 

In this subsection we prove the key-theorem of the section (Theorem 1 .2.4), which will 
let us achieve considerable consequences. We start with a remark which allows us to 
use complex coefficients in many situations. 

Remark 1.2.1. Let A be a ring, B a flat A-algebra, R an A-algebra and M an /^-module. 
ScIRb -.^Ri^aB andMfl ■.= M'^aB. Clearly is a flat TJ-algebra. Therefore Theorem 
0.2.2 (i) implies that, for any ideal aC R every j £ N: 

Hi{M) ^aB- Hi{M) ®rRb = Hii,^iM<^RRB) = hI^^{Mb) (1.5) 

We want to use (1.5) in the following particular case. Let S := K[xo, . . . ,x„] be the 
polynomial ring in « + 1 variables over a field K of characteristic 0, and / C 5 an ideal. 
Since / is finitely generated we can find a field k of characteristic such that, setting 
St := lk[xo, . . . the following properties hold: 

kCK, QCkCC, (/n5k)5 = / 

(to this aim we have simply to add to Q the coefficients of a set of generators of /). 
Since K and C are faithfully flat k-algebras, (1.5) implies that 

cd(5,/) = cd(5k,/n5k) =cd(5c,(/n5k)5c), (1.6) 



where Sc C[xi, . . . ,jc„]. 



12 



Cohomological Dimension 



In the above situation, assume that / is homogeneous and that X : = Proj(5//) is 
a regular scheme. Then set Xjj := Proj(5is;/(/n5i5)) and X£ : — Proj(5c/ {{inSkjCj). 
Notice that X = X^^x^^ Spec(K) and Xc = Spec(C). Furthermore and X£ 

are regular schemes. Since K and C are both flat k-algebras, we get, for all natural 
numbers 

and 

(for example see the book of Liu [79, Chapter 6, Proposition 1.24 (a) and Chapter 5, 
Proposition 2.27]). Particularly we have 

dimK(//'(X,i2^/j,)) = dimc(//'(Xc,i2^^/c))- (l-^) 

We will call the dimension of the K-vector space H'{X,D.-'^^^) the (i,j)-Hodge number 

ofX, denoting it hyh''{X). 

In the next remark, for the convenience of the reader, we collect some well known 
facts which we will use throughout the paper 

Remark 1.2.2. Let X be a projective scheme over C: Let us recall that X'' means X 
regarded as an analytic space, as explained in Section A. 2, and C denotes the constant 
sheaf associated to C. We will denote by j8, (X) the topological Betti number 

Pt{X) :=rankz(//f"'^'(x'',Z)) =rankz(//4.„^(x'',Z)) = 

= dime (//kg - dimc(//'(x'',C)). 

The equalities above hold true from the universal coefficient Theorems A. 3. 1 and A. 3. 2, 
and by the isomorphism A. 9. Pick another projective scheme over C, say Y, and denote 
by Z the Segre product X xY. The Kiinneth formula for singular cohomology (for 
instance see Hatcher [58, Theorem 3.16]) yields 

H',„^{Z'\C)^ H'^,„,{x\C)®cHl„^iY'\C). 

p+q=i 

Thus at the level of topological Betti numbers we have 

A(Z)= ^ U^W). (L8) 

p+q=i 

Now assume that X is a regular scheme projective over C. It is well known that X'' 
is a Kahler manifold (see [56, Appendix B.4]), so the Hodge decomposition (see the 
notes of Arapura [2, Theorem 10.2.4]) is available. Therefore, using Theorem A.2.1, 
we have 

//L,(^",c)= © H'\x>\D.l„)= //"(x,nj/c). 

p+q=i P+'l=' 

Thus 

A(x)= ^'"0^) (1-9) 

p+q=i 

Finally, note that the restriction map on singular cohomology 

//k,XP(C"+i),C) H'{X'\C) (1.10) 
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is injective provided that / = 0,...,2dimX (see Shafarevich [93, pp. 121-122]). So 
Example A.3.3 implies that 



The contents of the next remark do not concern the cohomological dimension. We 
just want to let the reader notice a nice consequence of Remark 1.2.2 when combined 
with a result of Barth. 

Remark 1.2.3. Let X and Y be two positive dimensional regular scheme projective 
over C. Chose any embedding of Z .= X x Y in . Then the dimension of the secant 
variety of Z in P'^ is at least 2dimZ— 1. 



To show this notice that (1.11) yields j3o(^) > 1, M^) > 1, MY) > 1 and 
PiiY) > 1. Therefore using (1.8) we have 



By a theorem of Barth (see Lazarsfeld [71, Theorem 3.2.1]), it follows that Z cannot 
be embedded in any P*' with M < 2 dimX — 1 . If the dimension of the secant variety 
were less than 2dimX — 1, it would be possible to project down in a biregular way X 
from P^ in p2dimX-2^ ^^^^ would be a contradiction. 

Note that the above lower bound is the best possible. For instance consider the 
classical Segre embedding Z := P*" x P^ C p^+r+s xhe defining ideal of Z is generated 
by the 2-minors of a generic (r+ 1) x (5+ l)-matrix. The secant variety of Z is well 
known to be generated by the 3-minors of the same matrix, therefore its dimension is 
2{r + s)-l. 

The following theorem provides some necessary and sufficient conditions for the 
cohomological dimension of the complement of a smooth variety in a projective space 
being smaller than a given integer For the proof we recall the concept of DeRham- 
depth introduced in [ , Definition 2.12]. The general definition requires the notion of 
local algebraic DeRham cohomology (see Hartshome [??, Chapter 111.1]). However 
for the case we are interested in there is an equivalent definition in terms of local 
cohomology ([87, proof of Theorem 4.1]). Let X C P" be a projective scheme over 
a field k of characteristic 0. Let 5 : = kfjCQ, . . . ,x„] be the polynomial ring and a C 5 
be the defining ideal of X. Then the DeRham-depth of X is equal to s if and only 
if Supp(//;(5)) C {m} for all / > « - s and Supp(//j;-"(5)) ^ {m}, where m is the 
maximal irrelevant ideal of S. 

Theorem 1.2.4. Let X C P" be a regular scheme projective over a field k of charac- 
teristic 0. Moreover, let r be an integer such that codimpnX < r <n and U P" \X. 
Then cd(L') < r if and only if 



^2i[^) > 1 provided that ; < dimX 



(1.11) 



MZ) > i32(X)j3o(F) + j32(y)j3o(X) > 2. 



hP"{X) = 



if p ^ q, p + q < n — r 

1 if p ^ q, p + q < n ~ r 



Moreover, ifk. = C, the above conditions are equivalent to: 




Proof SetXc C PJ as in Remark 1.2.1 and Uc := P'c \^C- Then cd{U) = cd{Uc) by 
(1.6) and (A.6). Moreover, notice that h'j{X) = h''{Xc) by (1.7). Finally, since Xc is 
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regular, we can reduce to the case in which k = C. If cd(U) < r then r > codimpiX 
by Theorem 0.4.3 and (A. 6). Thus the "only if -part follows by [53, Corollary 7.5, p. 
148]. 

So, it remains to prove the "if -part. By (A. 11) algebraic De Rham cohomology 
agrees with singular cohomology. Therefore by ( 1 . 10) the restriction maps 

HUn^HUx) (1.12) 

are injective for all / < 2dimX. By the assumptions, equation (1.9) yields j3,(X) = 1 if 
/ is even and / < « — r, otherwise. Moreover by Example A. 3. 3 j3, (P") = 1 if / is even 
and / < 2«, otherwise. So the injections in (1.12) are actually isomorphisms for all 
/ < « — r. 

We want to use [87, Theorem 4.4], and to this aim we will show that the De Rham- 
depth of X is greater than or equal to n — r. This means that we have to show that 
Supp(//^(5)) C mfor all / > r, where 5 = C[jco, . . . ,x„], a C 5 is the ideal defining X and 
m is the maximal irrelevant ideal of S. But this is easy to see, because if ^ is a graded 
prime ideal containing a and different from m, being X regular, aSpis, a complete 
intersection in Sp. Therefore {H'^{S))p ^ ti'aSfS^p) ^ ^ i > r {> ht(aSp)). 

Hence [S7, Theorem 4.4] yields the conclusion. 

Finally, if k = C, the last condition in the statement is a consequence of the first 
one by (1.9). Moreover, the restriction maps on singular cohomology 

7/i,„,(P(C"+'),C)^//i,,^^,(x'',C) 

are compatible with the Hodge decomposition (see [2, Corollary 11.2.5]). The Hodge 
numbers of the projective space are well known (for instance see [53, Exercise 7.8, p. 
150]), namely 

if /:> 7^ q, 
if p ~ q, p <n 



hPi{¥") = I J 



Since the restriction maps on singular cohomology are injective for / < n — r by (1.10), 
the last condition in the statement implies the first one. The theorem is proved. □ 

Remark 1.2.5. Notice that Theorem 1.2.4 implies the following surprising fact: If 
X C P" is a regular scheme projective over a field of characteristic 0, then the natural 
number n — cd(P" \ X) is an invariant ofX, i.e. it does not depend on the embedding. 
Actually the same statement is true also in positive characteristic, using [78, Theorems 
5.1 and 5.2]. 

Theorem 1.2.4 is peculiar of the characteristic-zero-case. For instance pick an el- 
liptic curve E over a field of positive characteristic, whose Hasse invariant is 0. This 
means that the Frobenius morphism acts as on //'(£, (for a more explanatory 
definition see [56, p. 332]). Such a curve exists in any positive characteristic by [56, 
Corollary 4.22]. Then set X := £ x P^ C P^ and U := P^ \X. From the Kiinneth 
formula for coherent sheaves (see Sampson and Washnitzer [ , Section 6, Theorem 
1]), one can deduce that the Frobenius morphism acts as on //' {X, &x) as well as 
on H^{E^0e)- Therefore [57, Theorem 2.5] implies cd{U) = 2 (see also [78, The- 
orem 5.2]). However notice that, using again [Ql, Section 6, Theorem 1], we have 
h^^{X)=h^°{E) = \. 

We want to state a consequence of Theorem 1.2.4 which, roughly speaking, says 
that in characteristic the cohomological dimension of the complement of the Segre 
product of two projective schemes is always large. We will also show, in Remark 1 .2.7, 
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that in positive caharacteristic, at the contrary, such a cohomological dimension can be 
as small as possible. 

Proposition 1.2.6. LetX and Y be two positive dimensional regular schemes projective 
over afield k of characteristic 0. Choose an embedding ofZ :=X xY in some and 
set U := P'^ \ Z. Then cd(J/) >N — 3. In particular ifdimZ > 3, Z is not a set-theoretic 
complete intersection. 

Proof. We can reduce the problem to the case k = C by (1.6). From (1.8) we have 

j32(Z) > j32(^)A)(i') + i82(i')i8o(^). d-B) 

Furthermore, (1.11) yields j3o(^) > 1, M^) > 1, PoiY) > 1 and jSzl^) > 1. If 
cd{U) < N —3, then Theorem 1.2.4 would imply that j32(Z) = 1. But, by what said 
above, one reads from (1.13) that j32(Z) > 2, so we get the thesis. □ 

In the next remark we will show that the characteristic-O-assumption is crucial in 
Proposition 1.2.6. In fact in positive characteristic can happen that, using the notation 
of Proposition 1.2.6, cd{U) is as small as possible, i.e. codimpA'(Z) — 1. 

Remark 1.2.7. Let k be a field of positive characteristic. Let us consider two Cohen- 
Macaulay graded k-algebras A and B of negative a-invariant (for instance two poly- 
nomial rings over k). Set R := A#B := ©,eN^,- <E)kBi their Segre product (with the 
notation of the paper of Goto and Watanabe [46]). By [46, Theorem 4.2.3], R is 
Cohen-Macaulay. So, presenting R as a quotient of a polynomial ring of + 1 vari- 
ables, say R = P/I, a theorem in [../] (see Theorem 0.3.3) implies that cd(P,/) = 
+ 1 — dimR. Translating in the language of Proposition 1 .2.6 we have X := Proj (A), 
Y := Proj(B), Z := Proj(/?) C = Proj(P) and cd(P" \ Z) = cd(P,/) -I = N- 
dimZ — 1 = codimp/v (Z) — 1 . 

1.2.2 Etale cohomological dimension 

If the characteristic of the base field is we have seen in the previous subsection that we 
can, usually, reduce the problem to k = C. In this context, thanks to the work of Serre 
described in Section A. 2, is available the complex topology, so we can use methods 
from algebraic topology and from complex analysis. 

Unfortunately, when the characteristic of k is positive, the above techniques are 
not available. Moreover some of the results obtained in Subsection 1.2.1 are not true 
in positive characteristic, as we have shown just below Theorem 1.2.4 and in Remark 
1.2.7. In this subsection we want to let the reader notice that, in order to have, in 
positive characteristic, cohomological results similar to those gettable in characteristic 
0, sometimes it is better to use the etale site rather than the Zariski one. Moreover, 
as well as local cohomology, etale cohomology gives a lower bound for the number 
of set-theoretically defining equations of a projective scheme by (A. 7), therefore the 
results of this subsection will be useful also in the next chapter 

We recall the following result of Lyubeznik [76, Proposition 9.1, (iii)], that can be 
seen as an etale version of [53, Theorem 8.6, p. 160]. 

Theorem 1.2.8. (Lyubeznik) Let h be a separably closed field of arbitrary character- 
istic, Y (ZX two projective schemes over k such that U := X\Y is nonsingular. Set 
N := dimX and let £ be coprime with the characteristic o/k. If6cd{U) < 2N — r, 
then the restriction maps 

H' {Xfy , i/ei) — > H' (y,-, , z/ffl) 
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are isomorphism for i < r and injective for i — r. 

Remark 1.2.9. An etale version of Theorem 1.2.4 cannot exist. In fact, if X CV" 
is a regular scheme projective over a field k, the natural number ecd(P" \ X) is not an 
invariant of X and n, as instead is for cd(P" \X), see Remark 1 .2.5. For instance, we can 
consider C P^ embedded as a linear subspace and V2(P^) C P^ (where V2{V^) is the 
2nd Veronese embedding): the first one is a complete intersection, so ecd(P^ \ P^) < 7 
by (A.7). Instead, ecd(p5 \ V2(V^)) = 8 by a result of Barile [: ]. 

Notice that the above argument shows that the number of defining equations of a 
projective scheme X C P" depends on the embedding, and not only on X and on n. This 
suggests the limits of the use of local cohomology on certain problems regarding the 
arithmetical rank. 

We want to end this subsection stating a result similar to Proposition 1.2.6. First 
we need a remark, which is analogous to the last part of Remark 1.2.2. 

Remark 1.2.10. Let X be a regular scheme projective over a field k and £ an integer 
coprime to char(k). The cycle map is a graded homomorphism 

0CH'(X) ® 0//''(X,„Q,(O), 

where by CH* {X) we denote the Chow ring of X (for the definition of the cycle map see 
the book of Milne [82, Chapter VI]). LetN' (X) be the group CH' (X) modulo numerical 
equivalence. To prove [82, Chapter VI, Theorem 1 1 .7], it is shown that the degree /-part 
of the kernel of the cycle map is contained in the kernel of 

CH'(X)(»Qf-^N'(X)®Q^ 

As X is projective, N'{X) is nonzero for any ; = 0, . . . ,dimX. Therefore, i/^'(Xe,,Z£(i)) 
is nonzero for any ; = 0, . . .,dimX. Finally, by the definition of H^'{Xgf,Z({i)), there 
exists an integer m such that 

//2'(x,-,,z/rz(/)) 

for any / = 0, . . . , dimX. 

Proposition 1.2.11. Let k a separably closed field of arbitrary characteristic. Let X 
and Y be two positive dimensional regular schemes projective over k. Let us choose 
an embedding Z := X x F C P^ and setU Z. Then ecd(?7) > 2A^ - 3. In 

particular i/dimZ > 3, Z is not a set-theoretic complete intersection. 

Proof. By Remark 1.2.10 there is an integer £ coprime with char(k) such that the mod- 
ules 

//^'(X,7, Z/£Z (0) 7^0 and //^'(y,-,, Z/£Z (0) 7^ 

for / = 0, 1. Therefore, using Kiinneth formula for etale cohomology, [82, Chapter VI, 
Corollary 8.13], one can easily show that //^(Zg(,Z/^Z(l)) cannot be isomorphic to 
Z/«. However //-(P^, Z/g (l)) = Z/ffl (see [82, p. 245]). Now Theorem 1.2.8 
implies the conclusion. □ 

Remark 1.2.12. With the notation of Proposition 1.2.11, if dimZ > 3, then it is not 
a set-theoretic complete intersection even if k is not separably closed. In fact, if it 
were, Z Xi^ Spec(kj) would be a set-theoretic complete intersection (k^ stands for the 
separable closure of k). This would contradict Proposition 1.2.1 1. 
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1.2.3 Two consequences 

In this subsection we draw two nice consequences of the investigations we made in the 
first part of the section. 

The first fact we want to present is a consequence of Theorem 1.2.4, and regards a 
relationship between cohomological dimension of an ideal in a polynomial ring and the 
depth of the relative quotient ring. Let us recall a result by Peskine and Szpiro, already 
mentioned in the Preliminaries' chapter 

Theorem 1.2.13. (Peskine and Szpiro) Let R be an n-dimensional regular local ring of 
positive characteristic and a C 7? an ideal. If depth{R / a) > t, then cA{R, a) <n — t. 

The same assertion does not hold in characteristic 0. In the following example we 
show how, if the characteristic is not positive. Theorem 1.2.13 can fail already with 
t=4. 

Example 1.2.14. Let A := k[x,y,z], B := k.[u,v] and T :~ A(JB their Segre product. 
Clearly T is a quotient of S := k[Xo, . . . ,^5]. Let I be the kernel of the surjection 
5 — > r. Arguing like in Remark L2.7, T is Cohen-Macaulay. Since dimT = 4, we 
have that depth(5//) = depth(r) = 4. //'char(k) = 0, Proposition L2.6 implies that 
cd(P^ \Proj(r)) > 2. Using (A. 6), we get cd(5',/) > 3. Now we can easily carry this 
example in the local case. Let m (Xq, . . . ,^5) denote the maximal irrelevant ideal of 
S, and set R := Sm. Clearly R is a 6-dimensional regular local ring. If a:= IR, we have 
depth(/?/a) = depth(5//) = 4. Furthermore H'JR) = {H\{S))mfor any ieNby (0.2). 
Since H'j^S) = if and only if {Hj{S))xn = (see Bruns and Herzog [13, Proposition 
1.5.15 c)]), 

cd(/?,a)=cd(5,/)>3>6-4. 

When f = 2, Theorem 1.2.13 holds true also for regular local rings containing a 
field of characteristic 0. This fact easily follows from [64, Theorem 2.9], as we are 
going to show below. 

Proposition 1.2.15. Let R be an n-dimensional regular local ring containing afield 
and aC R an ideal, /f depth (7? /a) > 2, then cd{R, a) < « — 2. 

Proof. Let A := {{R)"'^)''" the completion of the strict Henselization of R. Since A is 
faithfully flat over R, we have cd(A,aA) = cd{R,a) using Lemma 0.2.2 (i). More- 
over, since A/aA is faithfully flat over R/a, by Lemma 0.2.2 (i) and (0.8) we get 
depth(A/aA) =depth(/?/a) > 2. Therefore, by Propositions. 1.2, A/oA is 1-connected. 
At this point the thesis follows by [64], see Theorem 1.1.16. □ 

Notice that Theorem 1.2.13 and Proposition 1.2.15 can be stated also if is a 
polynomial ring over a field and a is a homogeneous ideal. In fact it would be enough 
to localize at the maximal irrelevant ideal to reduce the problem to the local case. From 
Theorem 1.2.4 we are able to settle another case, in characteristic 0, of Theorem 1.2.13. 

Theorem 1.2.16. Let S :~ k[jci , . . . ,x„] be a polynomial ring over afield k. Let / C 5 
be a homogeneous prime ideal such that (S/I) p is a regular local ring for any homo- 
geneous prime ideal pj^m:= {xi,. . . ,x„). If depih{S / 1) > 3, then cd{S,I) <n — 3. 

Proof. If the characteristic of k is positive, the statement easily follows from Theorem 
1.2.13. Therefore we can assume char(k) =0. Suppose by contradiction that cd(5,/) > 
«-2. SetX :==Proj(5//) C P'-^ =Proj(5). So we are supposing that cd(P"-' \X) > 
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n — 3 by (A.6). By the assumptions, X is a regular scheme projective over k, therefore 
Theorem 1.2.4 implies that /2'"(X) 7^ or that h^^{X) ^ 0. But, with the notation of 
Remark 1.2.1, we have that = /i'"(Xc) and h°^{X) = h°^{Xc). Since is a 

compact Kahler manifold, it is a well known fact of Hodge theory that 

H\X^,ff^h^) ^H°{X^,Q.^h^) 

(for instance see [2, Theorem 10.2.4]). Therefore Theorem A. 2.1 implies h^^{Xc) — 
h^^{Xc). So 

By (A.4) we have H\X,^x) = [H^{S/I)]o C H^{S/I). But therefore (0.8) implies 
depth(5//) < 2, which is a contradiction. □ 

Together with Theorem 1.2.13 and Proposition 1.2.15, Theorem 1.2.16 raises the 
following question; 

Question 1.2.17. Suppose that Risa regular local ring, and that a C is an ideal such 
that depth(/?/a) > 3. Is it true that cd{R, a) < dim/? - 3? 

But Theorem 1.2.16, another supporting fact for a positive answer to Question 
1.2.17 is provided by the following theorem. 

Theorem 1.2.18. Let {R,m) be an n- dimensional regular local ring containing afield, 
and let a be an ideal ofR. If depth{R / a) > 3, then: 

(i) cd{R, o) < « - 2; 

(ii) Supp{H"„-HR)) C {m}. 

Proof. By Proposition 1.2.15 we have cd{R,a) <n~2. So we have just to show that, 
given a prime ideal p different from m, we have {H'ir^{R))p ~ 0. Using (0.2) this is 
equivalent to show that 

^^afi'(M=0 VpeSpec(/?)\{m}. (1.14) 

Let us denote by h the height of p. Then h<n — \ because p^m. We can furthermore 
suppose that h>n — 2, since otherwise dimRp < « — 2 and Hanf^iRp) would be zero 
from Theorem 0.1.3. In such a case p cannot be a minimal prime ideal of a because 
depth(/?/a) > 3 (for instance, see [80, Theorem 17.2]). Particularly, dimRp/aRp > 0. 

First let us suppose that h = n — 2. Notice that both Rp and Rp are (« — 2)- 
dimensional regular local domains. Moreover, 

dimRp/aRp = dimRp/ aRp > 0. 

Therefore Hartshome-Lichtenbaum Theorem 0.3.2 implies that H"^{Rp) = 0. So, by 
(0.4) we get (1.14). 

So we can suppose /i = n — 1. A theorem of Ishebeck ([80, Theorem 17.1]) yields 

Ext'i{R/p,R/a) = Exii{R/p,R/a) = 0. 

This means that grcide{p,R/ a) > 1 and so that //^(/?/a) = Hjy{R/a) = by (0.7). 
Using (0.2) this implies 
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This means that depth{Rp/aRp) > 2 by (0.8). Since Rp is an (« — 1) -dimensional 
regular local ring containing a field. Proposition 1.2.15 yields 

This concludes the proof. □ 

The second fact we want to present in this subsection concerns a possible relation- 
ship between ordinary and etale cohomological dimension. Such a kind of question 
was already done by Hartshome in [53, p. 185, Problem 4.1]. In [77, Conjecture, p. 
147] Lyubeznik made a precise conjecture about this topic: 

Conjecture 1.2.19. (Lyubeznik). If U is an «-dimensional scheme of finite type over 
a separably closed field, then ecd(f/) >n + cd{U). 

Using Theorems 1.2.4 and 1.2.8, we are able to solve the conjecture in a special 
case. 

Theorem 1.2.20. Let X QV" be a regular scheme projective over an algebraically 
closed field K of characteristic 0, and U := P" \ X. Then 

ecd(t/) >n + cd(f/) 

Proof. Let k be the field obtained from Q adding the coefficients of a set of generators 
of the defining ideal ofX, like in Remark 1.2.1, and let k denote the algebraic closure 
of k (recall that in characteristic separable and algebraic closures are the same thing). 
So we have 

QCkCC and Q C k C K. 
Therefore, from [82, Chapter VI, Corollary 4.3], we have 

ecd(t/) = ecd(%) ^ icA{Uc). 

Moreover, (1.6) yields cd(L') = cd(L'c). So, from now on, we suppose K = C. 

Set cd(t/) s, and define an integer Ps to be (resp. 1) if n — s — I is odd 
(resp. if « — 5— 1 is even). By Theorem 1.2.4 and by equation (1.11), it follows that 
Pn-s-i{X) > Ps- Consider, for a prime number p, the Z//?Z-vector space 

Homz (//f (x'\Z),1/pZ). 

Since Hf'"'^ {X'\'Z) is of rank bigger than pj, the above Z/pZ-vector space has dimen- 
sion greater than py. Therefore by the surjection given by Theorem A. 3. 2 

H^^^ ' (X'' , Z/pZ) ^ Homz (//f ,i 1 (X' , Z) , Z//,Z) , 

we infer that dim^/pz^sz/^g ' (^''i^/p^) > Ps- Now a comparison theorem due to 
Grothendieck (see Theorem A. 2. 2) yields 

dim^,pzH"-'-\x,r,Z/pZ)>p,,. 

Since dimz,/pz{H"-'-\Vl,Z/ pZ)) = p, by [82, p. 245], Theorem 1.2.8 implies that 

ecd(t/) >2n— (« ~s) — n+s. 

□ 
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Theorem 1.2.20 might look like a very special case of Conjecture 1.2.19. However 
the case when U is the complement of a projective variety in a projective space is a very 
important case. In fact the truth of Conjecture 1.2.19 would ensure that to bound the 
homogeneous arithmetical rank from below it would be enough to work just with the 
etale site, and not with the Zariski one. Since usually one is interested in computing the 
number of (set-theoretically) defining equations of a projective scheme in the projective 
space, in some sense the most interesting case of Conjecture 1.2. 19 is when U = V"\X 
for some projective scheme X. From this point of view, one can look at Theorem 
1.2.20 in the following way: In order to give a lower bound for the minimal number 
of hypersurfaces of P^. cutting out set-theoretically a regular scheme projective over 
a field of characteristic 0, say X C P", it is better to compute ecd(P" \X) rather than 
cd{V"\X). 

Recently Lyubeznik, who informed us by a personal communication, found a coun- 
terexample to Conjecture 1.2.19 when the characteristic of the base field is positive: His 
counterexample, not yet published, consists in a scheme U which is the complement in 
P" of a reducible projective scheme. 



1.2.4 Translation into a more algebraic language 

We want to end this chapter translating Theorem 1.2.4, for the convenience of some 
readers, in a more algebraic language. So, we leave the geometric notation, setting 
5 := k[xi , . . . ,x,j] the polynomial ring in « variables over a field k of characteristic 0. 

Theorem 1.2.21. Let / C 5 = k[xi , . . . be a nonzero homogeneous ideal such that 
Ap is a regular ring for any homogeneous prime ideal p of A := S/I different from 
the irrelevant maximal ideal n := A+. If r is an integer such that ht(/) < r <n^\, then 
the following are equivalent: 

(i) Local cohomology with support in I vanish beyond r, that is cd(5,/) < r. 

(ii) Denoting by ^A/t the module ofKdhler differentials of A over k and by D.^ its 
jth exterior power A-Ti^/jj, 



dimt(//;(n^)o; 

f Hi) Viewing A and as S-modules, 

dimk(Exti(a^5)_„) = 



ifi>2,i=ij+\,i + j<n-r 

1 ifi > 2, (' = j+ 1, (' + j <n- r 
dimk(//,';(n^)o)-l ifi=l iVO, j<n-r-l 
dimk(//0(A)o) ifi=l, j = 0, r<n-l 



if i < n — 2,i ^ n — j — I ,i — j > r 

1 if i < n — 2,i = n — j — \ ,i — j > r 
dimk(Ext;{a^5)_„) - 1 ifi = n-l,j^O,j<n-r-\ 
dinik (Ext J (A , S) _„ ) ifi = n-\,j = 0,r<n-\ 



Proof Set X := CP"-i and ;7:=P"-'\X. Then cd(5,/) <r <^ cA{U)<r 

by (A.6). By the assumptions X is a regular scheme, therefore we can use the charac- 
terization of Theorem 1.2.4 as follows: First of all notice that ^^x/k. ~ ^ (^■^) 
implies: 

hP'<{X) = Axmt{Ht\^'')o) Vp>l. 
Moreover, by (A. 3), we have: 

/jO^ {X ) = dimk {Hi (n'')o ) - dimk ( (£2'')] o) + 1 - 



Thus, using Theorem 1.2.4 we get the equivalence between (i) and (ii). The equivalence 
between (ii) and (iii) follows by local duality, see Theorem 0.4.6. In fact, viewing 
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Q.'^ both as A- and 5-modules, point (ii) of Theorem 0.2.2 guarantees that Hn{Ofl) = 
(ii^), where m is the irrelevant maximal ideal of S. Therefore Theorem 0.4.6 yields 

dimfeK(n")o) = dimk(Ext^-"(i2'',5)_„). 

□ 

At first blush, conditions (ii) and (iii) of Theorem 1.2.21 may seem even more 
difficult than understanding directly whether H'j{S) = for each ; > r. However, one 
should focus on the fact that the modules H'^ {Q.-') depend only on the ring A, and not by 
the chosen presentation as a quotient of a polynomial ring. Furthermore, the 5-modules 
Ext^(i2'' ,5'), being finitely generated, are much more wieldy with respect to the local 
cohomology modules Hj{S). 
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Chapter 2 



Properties preserved under 
Grobner deformations and 
arithmetical rank 



This chapter is devoted to some applications of the resuhs of Chapter 1 . Essentially, 
it is structureted in two different parts, which we are going to describe. Most of the 
results appearing in this chapter are borrowed from our works [103, 104]. 

In Section 2.1, we study the connectedness behavior under Grobner deformations. 
That is, if / is an ideal of the polynomial ring S :~ k[xi,. . . ,x„] and -< is a monomial 
order on S, we study whether the ring S/ in^ (/) inherits some connectedness properties 
of S/I. The answer is yes, in fact we prove that, if r is an integer less than dim 5//, then 
5/in^(/) is r-connected whenever 5// is r-connected (Corollary 2. 1.3). Actually, more 
generally, we prove the analog version for initial objects with respect to weights (The- 
orem 2. 1 .2). This fact generalizes the result of Kalkbrener and Sturmfels [ , Theorem 
1], which says that, if / is a geometrically prime ideal, in the sense that it is prime and it 
remains prime once we tensor with the algebraic closure of k, then the simplicial com- 
plex A(-\/in^(/)) is pure and strongly connected (Theorem 2.1.4). As a consequence 
they settled a fact conjectured by Kredel and Weispfenning [68]. However, our proof 
is different from the one of Kalkbrener and Sturmfels: In fact, it leads to their result 
just assuming the primeness of /, and not the geometrically primeness. If anything, 
the proof of Theorem 2.1.2 is inspired to the approach used in the lectures of Huneke 
and Taylor [65] to show the theorem of Kalkbrener and Sturmfels. Another immediate 
consequence of Corollary 2.1.3 is that, if / is homogeneous and is a positive di- 

mensional connected projective scheme, then ^(in^(/)) is connected too (Corollary 
2.1.5). Eventually, we prove an even more general version of Corollary 2.1.3, replacing 
S with any k-subalgebra A C S such that in.< (A) is finitely generated (Corollary 2.1.7). 

Another nice consequence of Corollary 2.1.3 is the solution of the conjecture of 
Eisenbud and Goto, formulated in their paper [37], for a new class of ideals. Namely, 
we prove the conjecture for ideals / which have an initial ideal with no embedded 
primes (Theorem 2. 1 . 1 1). In particular, we show that the Eisenbud-Goto conjecture is 
true for ideals defining ASL, see Corollary 2.1.12. 

In Subsection 2.1.3, we noticed that Corollary 2.1.3 also implies that the simpli- 
cial complex A := A{^m^{I)) is pure and strongly connected whenever / is a ho- 
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mogeneous ideal such that S/I is Cohen-Macaulay (Theorem 2.1.13). At first blush, 
the reader might ask whether Ik[A] is even Cohen-Macaulay whenever 5// is Cohen- 
Macaulay. However, Conca showed, using the computer algebra system Cocoa [23], 
that this is not the case (see Example 2.1.14). A more reasonable question could be the 
following; 

Question 2.1.16 If S/I is Cohen-Macaulay and in^(/) is square-free, is 5/in^(/) 
Cohen-Macaulay as well as S/Il 

Maybe the answer to this question is negative, and the reason why we cannot find a 
counterexample to it is that the property of in^ (/) being square-free is very rare. How- 
ever, in some cases we can give an affirmative answer to the above question, namely: 

(i) If dim(5//) < 2 (Proposition 2.1.17). 

(ii) If S/I is Cohen-Macaulay with minimal multiplicity (Proposition 2.1.18). 

(iii) For certain ASL (Proposition 2. 1.19). 

Section 2.2 is dedicated to the study of the arithmetical rank of certain algebraic va- 
rieties. The beauty of finding the number of defining equations of a variety is expressed 
by Lyubeznikin [75] as follows: 

Part of what makes the problem about the number of defining equations so inter- 
esting is that it can be very easily stated, yet a solution, in those rare cases when it is 
known, usually is highly nontrivial and involves a fascinating interplay of Algebra and 
Geometry. 

The varieties whose we study the number of defining equations are certain Segre 
products of two projective varieties. In Subsection 2.2.2 we prove that, if X and Y 
are two smooth projective schemes over a field k, then, to define set-theoretically the 
Segre product X xY embedded in some projective space P^, are needed at least N — 2 
equations (Proposition 2.2.2). Furthermore, if X is a curve of positive genus, then 
the needed equations are at least A^ — 1 (Proposition 2.2.3). Both these results come 
from cohomological considerations, and they are consequences of the work done in 
Chapter 1. On the other hand, the celebrated theorem of Eisenbud and Evans [36, 
Theorem 2] tells us that, in any case, homogeneous equations are enough to define 
set-theoretically any projective scheme in P^. Unfortunately, to decide, once fixed X 
and Y, whether the minimum number of equations is A^, — 1 or — 2, is a very hard 
problem. We will solve this issue in some special cases. Let us list some works that 
already exist in this direction. 

(i) In their paper [14], Bruns and Schwanzl studied the number of defining equations 
of a determinantal variety. In particular they proved that the Segre product 

P"xP'"CP" where N ■.= nm + n + m 

can be defined set-theoretically by A^ — 2 homogeneous equations and not less. 
In particular, it is a set-theoretic complete intersection if and only if n = m= I. 

(ii) In their work ['->(•>], Singh and Walther gave a solution in the case of 

ExV^ cp5, 

where £ is a smooth elliptic plane curve: The authors proved that the arithmetical 
rank of this Segre product is 4. Later, in [98], Song proved that the arithmetical 
rank of C x P', where C C P^ is a Fermat curve (i.e. a curve defined by the 
equation Xq +X2), is 4 provided that d >3. In particular both £ x P' and 
C X P' are not set-theoretic complete intersections. 
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In light of these resuhs (especially we have been inspired to [96]), it is natural to study 
the following problem. 

Let n,}n,d be natural numbers such that n >2 and }n,d > 1, and let X C P" be 
a smooth hypersurface of degree d. Consider the Segre product Z :=X x P™ C P'^, 
where N :— nm + « + m. What can we say about the number of defining equations of 
Z? 

Notice that the arithmetical rank of Z can depend, at least a priori, by invariant 
different from n,m,d: In fact we will need other conditions on X. However, for certain 
n, m, d, we can provide some answers to this question. 

In the case « = 2 and m = 1, we introduce, for every d, a locus of special smooth 
projective plane curves of degree d, that we will denote by t-^/ (see Remark 2.2.13): 
This locus consists in those smooth projective curves X of degree d which have a d- 
flex, i.e. a point p at which the multiplicity intersection of X and the tangent line in p is 
equal to d. Using methods coming from "ASL theory" (see De Concini, Eisenbud and 
Procesi [29] orBruns and Vetter [15]), we prove that for such a curve X the arithmetical 
rank of the Segre product X x P' C P^ is 4, provided that d>3 (see Theorem 2.2.7). It 
is easy to show that every smooth elliptic curve belongs to and that every Fermat's 
curve of degree d belongs to f^i, so we recover the results of [96] and of [98] (see 
Corollaries 2.2.9 and 2.2.11). However, the equations that we will find are different 
from the ones found in those papers, and our result is characteristic free. Moreover, a 
result of Casnati and Del Centina [ ^2] shows that the codimension of 1^/ in the locus of 
all the smooth projective plane curves of degree c/ is c/ — 3, provided that d>3 (Remark 
2.2.13). So we compute the arithmetical rank of X x P' C P^ for a lot of new plane 
curves X. 

For a general n, we can prove that if X C P" is a general smooth hypersurface of 
degree not bigger than 2n — 1, then the arithmetical rank of X x P' C p2n+i is at most 
2n (Corollary 2.2.15). To establish this we need a higher-dimensional version of Y^i 
and Lemma 2.2.14, suggested us by Ciliberto. This result is somehow in the direction 
of the open question whether any connected projective scheme of positive dimension 
in P^ can be defined set-theoretically by — 1 equations. 

With some similar tools we can show that, if F . = x^J + YIJIq XiGi{xo, ...,x„) and 
X := 'f+{F) is smooth, then the arithmetical rank of X x P' C P-"+' is exactly 2n - 1 
(Theorem 2.2.16). 

Eventually, using techniques similar to those of [96], we are able to show the fol- 
lowing: The arithmetical rank of the Segre product X x P"' C p3'n+2^ where X is a 
smooth conic of P^, is equal to 3m, provided that char(k) ^ 2 (Theorem 2.2.18). In 
particular, X x P'" is a set-theoretic complete intersection if and only if m~ I. 

2.1 Grobner deformations 

2.1.1 Connectedness preserves under Grobner deformations 

The main result of this subsection is Theorem 2. 1 .2, which will launch the results of 
the two next subsections. 

Lemma 2.1.1. Let I be an ideal ofS and CO € N" j. For all r e Z, ifS/I is r-connected, 
then S[t]/ homo) {I) is {r+ \)-connected. 

Proof. Let pi , . . . , p,n be the minimal prime ideals of /. Then, by Lemma C.3.2 (v), 
it follows that hom(u(pi), . . . ,home,(pm) are the minimal prime ideals of hom(u(/). 
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Suppose by contradiction that S[t]/homio(I) is not (r+ l)-connected. Then, by Lemma 
B.0.5 (i), we can choose A,B C {1, . . . ,m} disjoint, such that A UB = {1, . . . ,m} and 
such that, setting ^ :— n,eAhom(B(^,) and := r\jeBhoma){Pj), 

A\mS[t]l{f + Jf)<r. 

Set J := C\i^Api ™d K := DjeBpj- Lemma C.3.2 (i) impHes that homa,{J) = ^ and 
homft,(Ar) = J(f . Obviously, ^ + J^' C hom(u(y + ^). So, using Lemma C.3.2 (vi), 
we get 

r > dim 5 [r] /( ^ + ^) > dim 5 [r] / homo, + dim 5/ + + L 

At this point. Lemma B.0.5 (i) impHes that Sjl is not r-connected, which is a contra- 
diction. □ 

Theorem 2.1.2. Let I be an ideal of S, CO € N" ^ and r an integer less than dim5//. If 
S/I is r-connected, then 5/ine,(/) is r-connected. 

Proof. Note that 5[f]/homo,(/) is a graded ring with !k as degree 0-part (considering 
the (O-graduation). Moreover, (f) := (hom(u(/) + (f ))/homo)(/) C S[t]/homa,{I) is a 
homogeneous ideal of S[t]/hom(o{I). The ring S[t] / homo, ( I) is (r + 1) -connected by 
Lemma 2. LI, and 

cd(5M/hom„(/),(f))< l = (r+l)-r 

by (0.10). So Theorem 1.1.11 yields that 5'[f]/(home,(/) + (f )) is r-connected. Eventu- 
ally, we get the conclusion, because Proposition C.2.2 says that 



5[f]/(hom«,(/) + (f))=5/in„(/) 



□ 



Using Theorem C.2.3, we immediately get the following Corollary. 

Corollary 2.1.3. Let I be an ideal ofS, -< a monomial order on S and r an integer less 
than dim5//. If S/I is r-connected, then 5/in^(/) is r-connected. 

Given a monomial order -< on S, for any ideal / let A^(/) denote the simplicial 
complex A(^in_<(/)) on [n] (see E). Corollary 2.1.3 gets immediately [67, Theorem 
1]- 

Theorem 2.1.4. (Kalkbrener and Sturmfels). Let -< a monomial order on S. If I is a 
prime ideal, then A^(/) is pure of dimension dim 5//— 1 and strongly connected. 

Proof. Since / is prime, S/I is ^f-connected, where d :~ d\mS/I. So S/I is {d — 
l)-connected, and Corollary 2.1.3 implies that 5'/in^(/) is [d — l)-connected. So 
5'/^in^(/) is connected in codimension 1, which is equivalent to A^ (/) being strongly 
connected by Remark E.0. 3. □ 

The following is another nice consequence of Theorem 2.1.2. 

Corollary 2.1.5. Let I be a homogeneous ideal ofS and CO e N" j. If'f'+{I)C P""' is 
a positive dimensional connected projective scheme, then Y+{ina){I)) C P"^' is con- 
nected as well. 
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Proof. We recall that the fact that 1^ (/) is connected is equivalent to 1^ (/) being 0- 
connected. Moreover, Remark B.0.4, since ^+{1) is homeomorphictoProj(5//), yields 
that S/I is 1-connected. Because is positive dimensional, we have Am\S/I > 2. 

So, Theorem 2.1.2 implies that S/ma,{I) is 1-connected. At this point, we can go 
backwards getting the connectedness of (in^ (/) ) . □ 

Remark 2.1.6. Once fixed an ideal / C 5, an integer r < dimS/I =: d and a monomial 
order ^, Corollary 2.1.3 yields 

5// r-connected 5/ in^ (/) r-connected. 

In general, the reverse of such an implication does not hold true. To see this, let us recall 
that there exists a nonempty Zariski open set U C GL(y), where V is a k-vector space 
of dimension «, and a Borel-fixed ideal J C S, i.e an ideal fixed under the action of the 
subgroup of all upper triangular matrices B+{V) C GL{V), such that m^{gl) = J for 
all g G t/. The ideal J is called the generic initial ideal of /, for instance see the book of 
Eisenbud [34, Theorem 15.18, Theorem 15.20]. It is known that, since J is Borel-fixed, 
V/ = (xi, . . . ,Xc) where c = ht(/), see [34, Corollary 15.25]). Hence S/J = S'/in^ {gl) 
(for g GU) is c/-connected. On the other hand, for all g E GL(y), S/gl is r-connected 
if and only if S/I is r-connected, and clearly, for any r > 1, we could have started from 
a homogeneous ideal not r-connected. 

The last corollary of Theorem 2. 1 .2 we present in this subsection actually strength- 
ens Theorem 2.1.2. 

Corollary 2.1.7. Let A be a k-subalgebm of S and (O E N" j be such that vi\a,{A) is 
finitely generated. If J is an ideal of A and r is an integer less than dim A//, then 
ino)(A)/inft,(7) is r-connected whenever A / J is r-connected. 

Proof. We can reduce the situation to Theorem 2. 1 .2 using the result [20, Lemma 2.2] 
of the notes of Bruns and Conca. □ 



2.1.2 The Eisenbud- Goto conjecture 

Theorem 2.1.2 gives also a new class of ideals for which the Eisenbud-Goto conjecture 
holds true. First of all we recall what the conjecture claims. Let / be a homogeneous 
ideal of S. The Hilbert series of S/I is; 

HS5//(z):= i:HFs/,(^K'eN[[z]], 

km 

where HE is the Hilbert function, see 0.4.3. It is well known that 



HS5//(z) 



[l-zY 



where d is the dimension of S/I and h^/i £ usually called the h-vector of S/I, is 
such that /ij//(l) 7^0 (for instance see the book of Bruns and Herzog [13, Corollary 
4.1.8]). The multiplicity of 5// is: 

e{S/I)=hs,i{^). 



Eisenbud and Goto, in [^''], conjectured an inequality involving the multiplicity, the 
Castelnuovo-Mumford regularity and the height of a homogeneous ideal, namely: 
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Conjecture 2.1.8. (Eisenbud-Goto). Let / C 5 be a homogeneous radical ideal con- 
tained in m^, where m := (xi , . . . ,x„). If S/I is connected in codimension 1, then 

reg(5//)<e(5//)-ht(/). 

Remark 2.1.9. Conjecture 2.1.8 can be easily shown when S/I is Cohen-Macaulay. 
For an account of other known cases see the book of Eisenbud [ . ]. 

We recall that, for a monomial ideal / C 5, we denote / C 5 the polarization of / 
(see E.3). 

Lemma 2.1.10. Let I be a monomial ideal ofS with no embedded prime ideals. Then, 
fixed c > 0, S/I is connected in codimension c if and only if S/I is connected in codi- 
mension c. 

Proof Since / has not embedded prime ideals, it has a unique primary decomposition, 
which is of the form: 

FG^(A) 

where A = A(\/7) and for any facet F G =^(A), the ideal If is a primary monomial ideal 
with y/lp = pF — (^i ■ i E F). Because polarization commutes with intersections, see 
(E.6), we have that: 

FG^(A) 

Being each Ip a primary monomial ideal, it turns out that S/Ip is Cohen-Macaulay 
for any F € ^(A). Therefore S/Ip is Cohen-Macaulay for all F e =^(A) by Theorem 
E.3.4. In particular, for all facets F e ^(A), the ring S/Ip is connected in codimension 
1 by Proposition B.1.2. So, using Lemma B.0.7, for any two minimal prime ideals 
p and f/ of If, there is a sequence p ^ po, . . . , Ps ^ of minimal prime ideals of 
If such that ht{pi + p_i) < ht(/f ) + 1 = hi{If) + 1 |F| + 1 for any / = 1, . . .,s. 
Furthermore, one can easily show that the prime ideal 

pF = (■«,i,i,-^i2,i,---,-^iy|,i) Q S, 

where F ~ {ii,... ,i\f\}, is a minimal prime ideal of Ip, and therefore of /. Set h :— 
ht(/). Using Lemma B.0.5 (ii) and the fact that c > 0, one can easily show: 

h<\F\< h + c. 

Suppose that S/I is connected in codimension c. Let us consider two minimal prime 
ideals p and p^ of /. To show that S/I is connected in codimension c, by Lemma B.0.7 
we have to exhibit a sequence p—p),...,ps^p) of minimal prime ideals of / such 
that ht(^,- + 1 ) < h + c for any i~ l,...,s. Assume that pis a minimal prime of Ip 
and that ^ is a minimal prime of Iq, where F, G G =!^(A). First of all, from what said 
above, there are two sequences p ~ pQ, ...,pt = pF and p' = . . . , ^ = pQ such 

that p e Min(7f), p^j e Min(/G), ht(p; + i ) < |F| + 1 < /i + c and ht(^. + < 
|G| + 1 < h + c. Then, since S/I is connected in codimension c, there exists a sequence 
F = F(),...,Fs = G of facets of A such that ht{pF. + pFj_i) < h + c. Eventually, the 
desired sequence connecting p with p/ is: 

P^Po,P\,----,Pt = PF^pFQ-,pFi-,---,pF, = PG = f^q-,f^q-\-,---,^Q^^- 

For the converse, the same argument works backwards. □ 
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Theorem 2.1.11. Let I <Z S be a homogeneous radical ideal contained in m^, and 
suppose that S/I is connected in codimension 1. If there exists a monomial order -< on 
S such that in^ (/) has no embedded prime ideals, then 

ieg{S/I)<e{S/I)-ht{I). 

Proof. Let ^ be a monomial order such that J : ~ in^ (/) has no embedded prime ideals. 
The following are standard facts: ieg{S/I) < ieg{S/J) ([2i), Corollary 3.5]), ht(/) — 
ht(7) ([2(1, Theorem 3.9 (a)]) and e{S/I) = e(S/J) ([20, Proposition 1.4 (e)]). Also, 
obviously we have that 7 C as well as I. At last. Corollary 2.1.3 implies that S/J is 
connected in codimension 1 . 

Because S/J has no embedded prime ideals. Lemma 2.1.10 implies that S/J is con- 
nected in codimension 1. From Theorem E.3.4, we have ieg{S/J) ~ ieg{S/J) (recall 
the interpretation of the Castelnuovo-Mumford regularity in terms of the graded Betti 
numbers (0.13)). Moreover, using Remark E.3.3, we get ht(7) = ht(y) and e{S/J) = 
e{S/J). Besides, obviously J C OT^, where by 9Jt we denote the maximal irrelevant 
ideal of S. Nevertheless, Eisenbud-Goto conjecture has been showed for square-free 
monomial ideals by Terai in [102, Theorem 0.2], so that: 

reg(5/7)<e(5/7)-ht(7). 

Since, from what said above, reg(5'//) < reg(5'/y), ht(/) = ht(/) and e{S/I) = 
e{S/J), we eventually get the conclusion. □ 

In view of Theorem 2. 1 . 11, it would be interesting to discover classes of ideals for 
which there exists a monomial order such that the initial ideal with respect to it has no 
embedded prime ideals. Actually, we already have for free a class like that: Namely, 
the homogeneous ideals defining an Algebra with Straightening Laws (ASL for short) 
over k. For the convenience of the reader we give the definition here: Let C be a partial 
order on [«], and let us denote by H the poset ([«],□). To H is associated a Stanley- 
Reisner ideal, namely the one of the order complex A(n) whose faces are the chains of 

n: 

In '■— ^A(n) — {xiXj : / and j are incomparable elements of H). 

Given a homogeneous ideal ICS, the standard graded algebra R:=S/I is called a ASL 
on n over k if: 

(i) The residue classes of the monomials not in In are linearly independent in R. 

(ii) For every j GTl such that i and j are incomparable the ideal / contains a poly- 
nomial of the form 

XiXj-Y,^Xl,Xj, 

with X Ek, h,k eYI, h\Z k, h C i and h □ j. The above sum is allowed to run on 
the empty-set. 

The polynomials in (ii) give a way of rewriting in R the product of two incomparable 
elements. These relations are called the straightening relations. Let ^ be a degrevlex 
monomial order on a Unear extension of C Then the polynomials in (ii) form a Grobner 
basis of / and in_<(/) = Ijj. Particularly, being square-free, in^(/) has no embedded 
prime ideals. So, we have the following: 

Corollary 2.1.12. Let I Q S be a homogeneous ideal defining an ASL. Then, the 
Eisenbud-Goto conjecture 2.1.8 holds true for I. That is, if S /I is connected in codi- 
mension 1, then 

reg(5//)<e(5//)-ht(/). 
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Proof. Let ^ be a degrevlex monomial order on a linear extension of the partial order 
given by the poset underlining the structure of ASL of S/I. Since in^ (/) is square-free, 
Theorem 2.1.11 implies the thesis. □ 



2.1.3 The initial ideal of a Cohen-Macaulay ideal 

Combining Theorem 2.1.2 with Proposition B.1.2 we immediately get the following 

nice consequence: 

Theorem 2.1.13. Let I be a homogeneous ideal of S, and (O £ j. //"depth (5//) > 
r+1, then S/ino}{co) is r-connected. In particular, if S/I is Cohen-Macaulay, then 
S/mo}{I) is connected in codimension 1. 

At first blush, the reader might ask whether Theorem 2.1.13 could be strengthened 
saying that "5/ yj^ujj) is Cohen-Macaulay whenever 5// is Cohen-Macaulay". How- 
ever, this is far to be true, as we are going to show in the following example due to 
Conca. 

Example 2.1.14. Consider the graded ideal: 

I = (xiX5 +X2X6 +X4, X1X4 +X3 — X4X5, +X1X2 +^^2-^5) ^ C[xi, . . . ,X(i] = S. 

Using some computer algebra system, for instance Cocoa [23], one can verify that I 
is a prime ideal which is a complete intersection of height 3. In particular, S/I is a 
Cohen-Macaulay domain of dimension 3. Moreover, S/I is normal. At last, the radical 
of the initial ideal of I with respect to the lexicographical monomial order is: 

\nn{I) = (xi,X2,X3)n(xi,X3,X6)n(jci,JC2,JC5)n(xi,X4,X5). 

In accord with Theorem 2.1.13, R 5/ ^in(/) is connected in codimension 1. How- 
ever, R is not Cohen-Macaulay. Were it, Rp would be Cohen-Macaulay, where pis the 
homomorphic image of the prime ideal (xi,X3,X4,X5,X6). In particular, Rpwouldbe 1- 
connected by Propsition B.1.2. The minimal prime ideals of Rp are the homomorphic 
image of those ofR which are contained in p, namely (xi ,X3,X6) and (xi ,X4,X5). Since 
their sum is p, the ring R p cannot be 1 -connected. 

This example shows also as the cohomological dimension of an ideal, in general, 
cannot be compared with the one of its initial ideal. In fact cd(5,/) = 3 because I is 
a complete intersection of height 3 (see (0. 10)j. But cd(5',in(/)) = projdim(/?) > 3, 
where the equality follows by a result of Lyubeznik in [73] (it is reported in Theorem 
0.3.4). On the other hand, examples of ideals J S such that cd{S/J) > cd{S/ in(y)) 
can be easily produced following the guideline of Remark 2.1.6. 

In Example 2.1.14, the dimension of S/I is 3. Moreover, starting from it, we can 
construct other similar example for any dimension greater than or equal to 3. Oppo- 
sitely, such an example cannot exist in the dimension 2-case by the following result. 

Proposition 2.1.15. Let I C_ S be a homogeneous ideal such that 'f+{I) C P"^i is a 

positive dimensional connected projective scheme and -< a monomial order Then 

depth(5/Vin-<(/)) > 2. 
In particular, depth(5/-y/in^ (/)) > 2 whenever depth{S /I) > 2. 
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Proof. Corollary 2.1.5 implies that '^(^in_<(/)) C P"-i is connected. As one can 
easily check, this is the case if and only if the associated simplicial complex A := 
A(-\/in^(/)) is connected. In turn, it is well known that this is the case if and only if 
the depth of Ik[A] = S/ \/vi\^ [I] is at least 2. The last part of the statement follows at 
once by Proposition B.I. 2. □ 

As we already said, the higher dimensional analog of the last part of the statement 
of Proposition 2.1.15 is not true. However, one can notice that the ideal of Example 
2.1.14 is such that its initial ideal is not square-free. Actually, even if Conca attempted 
to find such an example with a square-free initial ideal, he could not find it. This facts 
lead him to formulate, in one of our informal discussions, the following question: 

Question 2.1.16. Let / C 5 be a homogeneous ideal and suppose that -< is a monomial 
order on S such that in_; (/) is square-free. Is depth(5'//) = depth(5'/in_< (/))? 

Actually, we do not know whether to expect an affirmative answer to Question 
2.1.16 or a negative one. In any case, we think it could be interesting to inquire into it. 
In the rest of this subsection, we are going to show some situations in which Ques- 
tion 2.1.16 has an affirmative answer First of all, we inform the reader that it is 
well known that in general, even without the assumption that in^(/) is square-free, 
depth(5//) > depth(5/in^(/)) (for example see [20, Corollary 3.5]). So, the inter- 
esting part of Question 2.1.16 is whether, under the constraining assumption about the 
square-freeness of in^ (/), the inequality depth(5'//) < depth(5'/ in^ (/)) holds true. The 
first result we present in this direction is that Question 2.1.16 has an affirmative answer 
in low dimension. 

Proposition 2.1.17. Let I C S be a homogeneous ideal and suppose that -< is a mono- 
mial order on S such that in^ (/) is square-free. If dimS/I < 2, then 

depth(5//) = depth(5/in^(/)). 

Proof. Since depth(5'/in^(/)) > 1, being in^(/) square-free, the only nontrivial case 
is when depth(5//) ~ 2. In this case Proposition 2.1.15 supplies the conclusion. □ 

For the next result, we need to recall a definition: Let us suppose that / C 5 is a 
homogeneous ideal, contained in m', such that S/I is Cohen-Macaulay J-dimensional 
ring. The /i-vector of S/I will have the form: 

hs/iiz) = l + {n-d)z + h2Z^ + ... + h,z', 

where the Cohen-Macaulayness of S/I forces all the /1,'s to be natural numbers. There- 
fore, we have that 

e{S/I)^hs/iil)>n-d+l. 

The ring S/I is said Cohen-Macaulay with minimal multiplicity when e{S/I) is pre- 
cisely n — d+l. We have the following: 

Proposition 2.1.18. Let I QS be a homogeneous ideal contained in m^, and suppose 
that -< is a monomial order on S such that in^(/) is square-free. If S/I is Cohen- 
Macaulay with minimal multiplicity, then S /\n^{I) is Cohen-Macaulay too. 

Proof. Obviously, in^(/) C m^. Furthermore, e(5'/in_<(/)) = e{S/I) (for example see 
[20, Proposition 1.4 (e)]). So, using Theorem 2.1.13, we have that 5'/in^(/) is a d- 
dimensional Stanley-Reisner ring (where d = dim 5//) connected in codimension 1 
such that e(5'/in^ (/)) =n — d-\-\. Then, aresult of our paper with Nam [85, Proposi- 
tion 4. 1] implies that S/ in^ (/) is Cohen-Macaulay with minimal multiplicity. □ 
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A particular case of Question 2.1.16 is whether depth(5//) — depth(5//n), where 
S/I is a homogeneous ASL on a poset 11 over k. The result below provides an af- 
firmative answer to this question in a particular case. First, we need to recall that, if 
n = ([n], c) is a poset, then the rank of an element / e 11, is the maximum k such that 
there is a chain 

/ = 4 □ /it- 1 ^ ■ • • ^ ' 1 , G n. 

Proposition 2.1.19. Let I Q S be a homogeneous ideal such that S/I is an ASL on a 
poset n over k. Assume that, for each k G [n], there are at most two elements o/ll of 
rank k. Then S/I is Cohen-Macaulay if and only ifS/Iu is Cohen-Macaulay. 

Proof. The only implication to show is that if 5// is Cohen-Macaulay, then S/In is 
Cohen-Macaulay. Since /n is the initial ideal of / with respect to a degrevlex mono- 
mial order on a linear extension on [n] of the poset order. Theorem 2.1.13 yields that 
S/In is connected in codimension 1. At this point, the result got by the author and 
Constantinescu [-d. Theorem 2.3] implies that, because the peculiarity of 11, S/In is 
Cohen-Macaulay. □ 



2.2 The defining equations of certain varieties 

As we already said in the introduction, in this section, making use of results from the 
second part of Chapter 1 , we will estimate the number of equations needed to define 
certain projective schemes. 

2.2.1 Notation and first remarks 

We want to fix some notation that we will use throughout this section. By k we denote 
an algebraically closed field of arbitrary characteristic. We recall that the Segre product 
of two finitely generated graded k-algebra A and B is defined as 

A'^B:=@Ak®tBk. 

km 

This is a graded k-algebra and it is clearly a direct summand of the tensor product A 
B. The name "Segre product", as one can expect, comes from Algebraic Geometry. 
In the rest of this chapter, we leave the setting of the last section: In fact, instead of 
working with the polynomial ring in n variables S = k[xi ,x„], we will work with 
the polynomial ring in n + 1 variables 

R :~ k[xo, . . . ,x„]. 

This is due to the fact that in this section we will often have a geometric point of view: 
Thus, just for the sake of notation, we prefer to work with P" rather than P"^ ' . We also 
need another polynomial ring: Fixed a positive integer m, let 

T :=k[3'o,...,3'm] 

denote the polynomial ring in m + 1 variables over k. Let X C P" and Y C P'" be two 
projective schemes defined respectively by the standard graded ideals aCR and b CT. 
Set A :=R/a and B := T /b. Then, we have the isomorphism 

ZxF = Proj(AtJB), 
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where X xY i& the Segre product of X and Y. Moreover, if 

Q:=k[xiyj :; = 0,...,«; j = 0,...,m] Ck[xQ, . . . ,Xn,yQ, . . . ,y,n] ^R(g)kT, 

then AjjB ^ Q/J^ with ^ C g the homogeneous ideal we are going to describe: If a = 
(/i , . . . ,/,-) and b = (§1 , . . . with degfi di and deggj = ej, then is generated 
by the following polynomials: 

(i) M ■ fi where M varies among the monomials in T^/. for every / = 1 , . . . , r. 

(ii) gj ■ N where varies among the monomial in Rgj for every j = 1 , . . . , i. 

We want to present A(jB as a quotient of a polynomial ring. So, consider the polynomial 
ring in (« + 1 ) (m + 1 ) variables over k: 

P := h[zii : ' = 0, . . . , « : y = 0, . . . , m] . 

Moreover, consider the k-algebra homomorphism 

where yf{zij) '■= xiyj and n is just the projection. Therefore, we are interested into 
describe / :— Ker(0). In fact, / is the defining ideal ofXxY, since we have: 

XxY = Pioi{P/I)CP'^, N ■.= nm + n + m. 

Let us describe a system of generators of /. For any i — l,...,r and for all monomials 
M G T^j, let us choose a polynomial fiM G P such that y/{fi^M) ~M ■ fi. Analogously, 
pick a polynomial gj^N G P for all j = I,... ,s and for each monomial e Rej . It turns 
out that 

/ = /2(z)+y, 

where: 

(i) hiZ) denotes the ideal generated by the 2-minors of the matrix Z := (z,;). 

(ii) J ifi,M,gj,N '■ ' €[r], M and are monomials of Tj. and 

Our purpose is to study the defining equations (up to radical) of / in P, and so to 
compute the arithmetical rank of /. In general, this is a very hard problem. It is enough 
to think that the case in which a = b = is nothing but trivial (see [14]). We will give 
a complete answer to this question in some other special cases. We end this subsection 
remarking that, if we are interested in defining X xY set-theoretically rather than ideal- 
theoretically, the number of equations immediately lowers a lot. 

Remark 2.2.1. It turns out that the number of polynomials generating the kernel of 
P AjJZ? is, in general, huge. In fact, for any minimal generator /, of the ideal a C A, 
we have to consider all the polynomials fi,M with M varying in Tj.: These are {"'^f') 
polynomials! The same applies for the minimal generators of b C B. At the contrary, 
up to radical, it is enough to choose m+l monomials for every fi and n + 1 monomials 
for every gj, in a way we are going to explain. 

For every ; = 1 , . . . , r and / = 0, . . . , m, set M := y^'' . A possible choice for fi M is: 

fi.i fi{zoi,---,z„i) €P. 
In the same way, for every j — l,...,s and k — Q,...,n we define: 

gj.k-=gj{ZkO,---,Zhn) &P- 
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If we call J' the ideal of P generated by the /] ;'s and the gj.k&, then we claim that: 

Since k is algebraically closed, Nullstellensatz implies that it is enough to prove that 
= 2f{l2{Z)+J'), where denotes the zero locus. Obviously, we have 

^(/) C ir(/2(Z) +/). So, pick a point 

p := [/700,Pl0,---,/'«0,P01,---,/'«l,---,P0m,---,Pmn] G ^(/2(Z)+/). 

It is convenient to write p = [po, . . . ,/7,„], where /?/, := [po/,, . . .,/:>„/,] is [0,0, ... ,0] or a 
point of P". Since p £ iF(/2(Z)), it follows that the nonzero points among the pi/s are 
equal as points of P". Moreover, if p/, is a nonzero point, actually it is a point of X, 
because /, (p) ~ for all / = 1 , . . . , r. Then, we get that fiMip) = for every i,M and 
any choice of // m. By the same argument, we can prove that also all the gj.N^ vanish 
at p, so we conclude. 

The authors of [14] described nm + n + m~~2 homogeneous equations defining 
/2(Z) up to radical. So, putting this information together with the discussion above, we 
got nm + {s+l)n + {r+l)m + s + r homogeneous equations defining set-theoretically 
XxYCV^. 

2.2.2 Lower bounds for the number of defining equations 

In this subsection, we provide the necessary lower bounds for the number of (set- 
theoretically) defining equations of the varieties we are interested in. The results of 
this subsection will be immediate consequences of those of Chapter 1. As the reader 
will notice, the lower bounds derivable from cohomological considerations are more 
general than the gettable upper bounds. However, in general, while to obtain upper 
bounds one can think up a lot of clever ad hoc arguments, depending on the situation, 
to get lower bounds, essentially, the only available tools are cohomological consider- 
ations. In the cases in which they does not work we are, for the moment, completely 
helpless. 

Proposition 2.2.2. Let X and Y be smooth projective schemes over k of positive di- 
mension. LetXxY be any embedding of the Segre product X xY, and let I be 
the ideal defining it (in a polynomial ring in N +1 variables over kj. Then: 

N-2< ara(/) < ara/, (/) < A^. 

Proof. The fact that ara/,(/) < is a consequence of [36, Theorem 2]. Combining 
(A.7) with (A.8), we get that 

ara(/) >ecd(f/)-A^+l, 

where := P'^ \ (X x Y). EventuaUy, Proposition 1.2.11 implies ecd(t/) >2N-3, so 
we conclude. □ 

The lower bound of Proposition 2.2.2 can be improved by one when X is a smooth 
curve of positive genus. 

Proposition 2.2.3. Let X be a smooth projective curve over k of positive genus and 
Y a smooth projective scheme over k. LetXxY C P^ be any embedding of the Segre 
product X xY, and let I be the ideal defining it ( in a polynomial ring in + 1 variables 
overt). Then: 

N-l< ara(/) < ara/,(/) < A^. 
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Proof. Once again, the fact that ara/,(/) < is a consequence of [36, Theorem 2]. 
Set g the genus of X, and choose an integer I prime with char(k). It is well known 
(see for instance the notes of Milne [ , Proposition 14.2 and Remark 14.4]) that 
i/i(X,-,,Z/«) = (Z//Z)2i-. Moreover //0(F,-;,Z/«) 7^0 and//' (P^,Z/«) =0. But 
by Kiinneth formula for etale cohomology (for instance see the book of Milne [82, 
Chapter VI, Corollary 8.13]) H\{X x y)<,-,,Z/ffl) ^ 0, therefore Theorem 1.2.8 im- 
plies that ecd(t/) >2N -2, where U := P'^ \ (X x Y). At this point we can conclude 
as in Proposition 2.2.2, since 

ara(/) > ecd{U) - N + I. 

□ 

2.2.3 Hypersurfaces cross a projective spaces 

Proposition 2.2.2 implies that the number of equations defining set-theoretically X x 
y C described in Remark 2.2. 1, where = nm + n + m, are still too much. In this 
subsection we will improve the upper bound given in Proposition 2.2.2 in some special 
cases. In some situations we will determine the exact number of equations needed to 
define X xY set-theoretically. 

Remark 2.2.4. Assume that X := 'i^+iF) C P" is a projective hypersurface defined by 
a homogeneous polynomial F, m := I and 7 := P'. In this case XxY C p2"+i and 
Remark 2.2.1 gives us the same upper bound for the arithmetical rank of the ideal / 
defining XxY than Proposition 2.2.2, namely 

ara/, (/) < 2n + 1 . 

Remark 2.2. 1 also gets an explicit set of homogeneous polynomials generating / up to 
radical. Using the notation of the book of Bruns and Vetter [ 1 5], we denote by [/, j] the 
2-minor Ziozji — Zjozn of the matrix Z, for every / and j such that < / < y < n. In [ 1 4] 
is proven that 

hiZ) = /( ^ [ij]:k=l,...,2n-l) 

V i+j=k 

By Remark 2.2.1, to get a set of generator of / up to radical, we have only to add 

Fq:= F{zm,---,z„o) and Fi := F(zou- ■ ■ ,z„i). 

Notice that the generators up to radical we exhibited have the (unusual) property of 
being part of a set of minimal generators of /. 

Tlieorem 2.2.5. Let X = 'f+{F) C P" be a hypersurface such that there exists a line 
£ C P" that meets X only at a point p. If I is the ideal defining X x P' C p2"+l^ then: 

Proof. By a change of coordinates we can assume that £ = ^^((xo, . . . ,x„_2))- The set 

n {[',;] : </<;■<«,/ + ; < 2«-2} 

is an ideal of the poset of the minors of the matrix Z = {zij)'. That is, for any two positive 
integers h and k such that h < k, if [i,j] £ £1 with h < i and k < j, then [h,k] e Q.. So, 
[15, Lemma 5.9] implies: 

ara(nP) < rank(n) = 2« - 2 
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(let us remind that P = k.[zij : / = 0, . . . ,« j ~Q, 1]). We want to prove that / = ^/K, 
where K := Q.P + {Fo,Fi ) (with the notation of Remark 2.2.4). To this aim, by Remark 
2.2.4 and NuUstellensatz, it is enough to prove S'ihiZ) + {Fq,Fi)) = 3f{K). So, set 

q:^ [qo,qi] = [qoo, ■ ■ ■ ,qnO,qoi,- ■ ■ ,q„i] S 2f{K). 

If ^0 = or ^1 = trivially q e i2°(/2(Z)), so we assume that both qo and qi are points 
ofP". First let us suppose that 7^ for some / < n — 2 and jG {0,1}. Let us assume 
that 7=0 (the case y = 1 is the same). In such a case, notice that for any h G {0, ...,«} 
different from ; we have that [h,i] (or [;, h]) is an element of Q.. Because q S 2f{K), we 
get that, setting A := qn/qio'- 

qiii = V/j = 0,...,n. 

This means that qi and qo are the same point of P", so that q e iF(/2(Z)). We can 
therefore assume that qij = for all / < « — 2 and j = 0, 1. In this case, qo and qi 
belong to iOX — {p}, so <?o = ?i = P- Once again, this yields q £ iF(/2(Z)). □ 

Combining Theorem 2.2.5 and Proposition 2.2.2, we get the following corollary. 

Corollary 2.2.6. Let X QV" be a smooth hypersurface such that there exists a line 
£ C P" that meets X only at a point p. If I is the ideal defining X x P' C f^"+\ then: 

2n—\< ara(/) < ara/,(/) < 2n 

Besides, combining Theorem 2.2.5 and Proposition 2.2.3, we get the following 
result. 

Theorem 2.2.7. Let X 'Z be a smooth projective curve of degree d > 3 over k. 
Assume that there exists a line £ <ZP^ that meets X only at a point p, and let I be the 
ideal defining the Segre product X x P^ C P^. Then 

ara(/) = ara/,(/) = 4. 

Proof. We recall that the genus g of the curve X is given by the formula: 

g^l/2{d-l){d-2). 

In particular, under our assumptions, it is positive. Thus Propsition 2.2.3, together with 
Theorem 2.2.5, lets us conclude. □ 

Remark 2.2.8. In Theorem 2.2.7, actually, we prove something more than the arith- 
metical rank being 4. If X — then the four polynomials generating / up to 
radical are the following: 

-^(200,^10,220), -F(zio, 211,212), 200211 -201210, 200212 -202210- 

It turns out that these polynomials are part of a minimal generating set of /. This is a 
very uncommon fact. 

Theorem 2.2.7 generalizes [ '( , Theorem 1.1] and [Q8, Theorem 2.8]. In fact we 
get them in the next two corollaries. 

Corollary 2.2.9. Let X (-¥^ be a smooth elliptic curve over k and let I be the ideal 
defining the Segre product X x P' C P^. Then 

ara(/) = ara/,(/) = 4. 
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Proof. It is well known that any plane projective curve X of degree at least three has an 
ordinary flex, or an ordinary inflection point (see the book of Hartshorne [56, Chapter 
IV, Exercise 2.3 (e)]). That is, a point p G X such that the tangent line i at p has 
intersection multiplicity 3 with X at p. If X has degree exactly 3, which actually is our 
case, such a line £ does not intersect X in any other point but p. Therefore we are under 
the assumptions of Theorem 2.2.7, so we may conclude. □ 

Remark 2.2.10. The equations exhibited in Corollary 2.2.9 are different from those 
found in [96, Theorem 1.1]. In fact, our result is characteristic free, while the authors 
of [96] had to assume char(Ik) ^ 3. 

Corollary 2.2.11. LetX = y+{F) C-P^ be a Fermat curx'e of degree d>2 over k, that 
is F = Xq +x'l +X2, and let I be the ideal defining the Segre product X x C P^. If 
char(Ik) does not divide d, then: 

ara(/) = ara/,(/) = 4. 

Proof Let A G k be such that A'' = - 1 . So, let £ C P^ be the line defined by the hnear 
form XQ ~ Xx\. One can easily check that: 

xn^ = {[A,i,o]}. 

Eventually, since char(k) does not divide d, X is smooth, so Theorem 2.2.7 lets us 
conclude. □ 

Remark 2.2.12. In the situation of Corollary 2.2. 11, if char(k) divides d, then X x P' 
is a set-theoretic complete intersection in P^, that is ara(/) = ara/,(/) = 3. In fact, more 
in general, this is always the case when F = i'^', where £ G k[xo,xi ,X2]i, independently 
of the characteristic of k. To see this, up to a change of coordinates we can assume that 
I — "y+ixj). Using the Nullstellensatz as usual, it is easy to see that: 

\/feo, ^21, -ZOO^ll -ZOlZlo) = V^- 

On the other hand, ara(/) > 3 by the Hauptidealsatz (0.9). 

Curves satisfying the hypothesis of Theorem 2.2.7, however, are much more than 
those of Corollaries 2.2.9 and 2.2. 1 1. The next remark will clarify this point. 

Remark 2.2.13. In light of Theorem 2.2.5, it is natural to introduce the following 
set. For every natural numbers n,d > 1 we define 1^"^' as the set of all the smooth 
hypersurfaces X C P", modulo PGL„(k), of degree d which have a point p as in The- 
orem 2.2.5. Notice that any hypersurface of can be represented, by a change of 
coordinates, by y+ (F) with 

n-2 

f = + 52 XiGi{xQ, . . . ,x„), 
1=0 

where the G,'s are homogeneous polynomials of degree d — 1. 

We start to analyze the case n = 2, and for simplicity we will write ^ instead of 
Yj. So our question is: How many smooth projective plane curves of degree d do 
belong to 'Vd'^ Some plane projective curves belonging to "/^ are: 

(i) Obviously, every smooth conic belongs to 'V^- 

(ii) Every smooth elliptic curve belongs to as we already noticed in the proof of 
Corollary 2.2.9. 
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(iii) Every Fermat's curve of degree d belongs to Y^, as we already noticed in Corol- 
lary 2.2.11. 

In [22, Theorem A], the authors compute the dimension of the loci Yd.a^ a = 1,2, of 
all the smooth plane curves of degree d with exactly a points as in Theorem 2.2.5 (if 
these points are nonsingular, as in this case, they are called c/-flexes). They showed 
that "/^/ a is an irreducible rational locally closed subvariety of the moduli space of 
curves of genus g= \/2{d—\){d — 2). Furthermore the dimension of "f^d.a is 

dim(r,,„)=(^'' + ^"")-8 + 3a. 

Moreover, it is not difficult to show that %i \ is an open Zariski subset of Yj, (see [22, 
Lemma 2.1.2]), and so 

dimra^(^+^)-5. 

The locus of all smooth plane curves of degree d up to isomorphism is a nonempty 
open Zariski subset of p( 2 ) modulo the group PGL2 (k), so 

dim(J^,)=(^^ + ^)-9. 

Particularly, the codimension of 7^ in provided d>T>, 'Kd — 2>. So, for example, if 
we pick a quartic X in the hypersurface 7^ of Mi, Theorem 2.2.7 implies that X x P' C 
can be defined by exactly four equations. However, it remains an open problem to 
compute the arithmetical rank ofX x P' C P^ for all the quartics X C P^. 

In the general case (« > 2 arbitrary) we can state the following lemma. 

Lemma 2.2.14. Let X C P" be a smooth hypersurface of degree d. If d <2n — 3, or if 

d <2n—\ andX is generic, then X S 

Proof. First we prove the following: 

Claim. If X C P" is a smooth hypersurface of degree d <2n—\ not containing 
lines, then X e 1^;'"'. 

We denote by G(2,n + 1) the Grassmannian of lines of P". Let us introduce the 
following incidence variety: 

W« := {{ih^) e P" X G(2,« + l):pei}. 
It turns out that this is an irreducible variety of dimension 2« — 1 . Now set 

Tn.d {{p,i,F) e W„ X L„^d ■■ i{i,f+{F);p) > d}, 

where by L„ j we denote the projective space of all the polynomials of Ik[xo, . . . ,x„]d, 
and by i{i, Y+{F);p) the intersection multipUcity of £ and 'f+{F) at p (if I C 'f'+{F), 
then i{i,Y+{F); p) := +°o). Assume that p = [1,0,...,0] and that £ is given by the 
equations 

Xl = X2 = . . . = A„ = 0. 

Then it is easy to see that, for a polynomial F E L„j, the condition {p,£,F) e T„ j 
is equivalent to the fact that the coefficients of Xq, Xq^'xi, xqXj'^' in F are 0. 
This implies that T„ ^ is a closed subset of P" x G(2,n+ 1) x L„ d- Therefore, T„ d is a 
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projective scheme over k. Consider the restriction of the first projection TZi : T„ j — > 
W„. Clearly 7Z[ is surjective; moreover, it follows by the above discussion that all the 
fibers of TZi are projective subspaces of L„ d of dimension dim(L„^) — d. Therefore, 
T„ ii is an irreducible projective variety of dimension 

dim(r„f/) = 2« — 1 +dim(L„f/) —d. 

Now consider the restriction of the second projection 7Z2 : T„ ci — > L„j. Clearly, if 
X e K2{T„ ii) is smooth and does not contain any line, then X € So, to prove the 

claim, we have to check the surjectivity of 712 whenever < 2n — 1. To this aim, since 
both T„j and L„ d are projective, it is enough to show that for a general F e 7r2(r„^), 
the dimension of the fiber 7t2\F) is exactly 2« — 1 — d. On the other hand it is clear 
that the codimension of 7r2(r„^) in T„j^i is at least d—2n + l when d > 2n. We proceed 
by induction on n (for « = 2 we akeady know this). 

First consider the case in which d<2n — 3. Let F be a general form of 7^2 {T„j), and 
set r = dim(7r2"' (F)). By contradiction assume that r>2n—l—d. Consider a general 
hyperplane section of y+iF), and let F' be the polynomial defining it. Obviously, 
any element of ?r2(r„_i comes from 7t2{T„ ,i) in this way, so F' is a generic form of 
^liTn.d)- The condition for a line to belong to a hyperplane is of codimension 2, so the 
dimension of the fiber of F' is at least r — 2. Since F' is a polynomial of K[xo, . . . ,jc„_i] 
of degree d < 2 (n — 1) — 1, we can apply an induction getting r — 2 < 2n — 3 — c/, so 
that r <2n—\~ d, which is a contradiction. 

We end with the case in which d = 2n — \ (the case d = 2« — 2 is easier). Let F and 
r be as above, and suppose by contradiction that r>\. This implies that there exists a 
hypersurface C G(n,n + 1) such that for any general H e the polynomial defin- 
ing '^(F) n// belongs to 7i2{Tn-i.d)- This implies that the codimension of 7l2{Tn-\^d) 
in T„_i ii is less than or equal to 1, but we know that this is at least 2. 

So we proved the claim. Now, we prove the lemma by induction on n. Once again, 
if n = 2, then it is well known to be true. 

If d <2n — 3, then we cut X by a generic hyperplane H. It turns out (using Bertini's 
theorem) that X OH C P"^' is the generic smooth hypersurface of degree c/ < 2(« — 
1) — l,soby induction there exist a line £ C // and a point p G P" such that {X r\H)r\£ — 
{p}. So we conclude that X e f^'^^- 

It is known that the generic hypersurface of degree d >2n~2 does not contain 
lines. So if c/ = 2« — 2 or ~ 2n — 1 the statement follows by the claim. □ 

Combining Lemma 2.2.14 with Theorem 2.2.5 we get the following. 

Corollary 2.2.15. Let X C P" be a smooth hypersurface of degree d, and let I be the 

ideal defining the Segre product X x P' C p2n+i <2n — 3, or ifd <2n—l andX 
is generic, then 

2« — 1 < ara/,(/) < 2n. 

Putting some stronger assumptions on the hypersurface X, we can even compute 
the arithmetical rank of the ideal / (and not just to give an upper bound as in Theorem 
2.2.5). 

Tlieorem 2.2.16. Let X = Y+iF) C P" be such that, F ^4 + l!!ZoXiGi{xo, . . . ,x„) 
( Gj homogeneous polynomials of degree d — I), and let I be the ideal defining the 
Segre product X x P' C p2«+i. Then 

ara/, (/) < 2« — 1 . 



40 



Properties preserved under Grobner deformations and arithmetical rank 



Moreover, ifX is smooth, then 

ara(/) = ara/, (/) = 2« — 1 . 

Proof. If X is smooth. Proposition 2.2.2 implies that ara(/) > 2n — 1. Therefore, we 
need to prove that the upper bound holds true. Consider the set 

:/<7,/ + ;<2«-3}. 

As in the proof of Theorem 2.2.5, we have 

ara(i2/?) < rank(£2) = 2n - 3. 

The rest of the proof is completely analog to that of Theorem 2.2.5. □ 

Remark 2.2.17. Notice that, if « > 4, the generic hypersurface of P" defined by the 
form F — + Yi"=o XiGi{xQ, . . . ,x„) is smooth (whereas if « < 3 and d >2 such a 
hypersurface is always singular). 

The below argument uses ideas from [96]. Unfortunately, to use these kinds of 
tools, we have to put some assumptions to char(k). 

Theorem 2.2.18. Assume char(k) ^ 2. Let X = 'y+{F) be a smooth conic ofF^, and 
let I be the ideal defining the Segre product X x P'" C p3'«+2_ j'/jg,, 

ara(/) = ara/,(/) = 3m. 

In particular X x P™ C p3'"+2 ^ set-theoretic complete intersection if and only if 
m = 1. 

Proof. First we want to give 3m homogeneous polynomials of the polynomial ring 
f = Ik[z,j : ; = 0, 1 , 2, 7=0,..., m] which define / up to radical. For j — Q,...,m 
choose set, similarly to Remark 2.2.1, 

Then, for all < j < i < m, set 

Fij := T — {zoi,zii,Z2i)zjk- 
k=o "^k 

Eventually, for all /i = 1 , . . . , 2m — 1, let us put: 

i+i=h 

We claim that 

/ = V7, where J .= {Fj,Gj : ; = 0, . . . ,m, j = I,... ,2m — 1). 

The inclusion J C I follows from the Euler's formula, since char(Ik) 7^ 2. As usual, 
to prove / C thanks to Nullstellensatz, we may prove that 2f{J) C Pick 
p G 2f{J), and write it as 

P'-=[po,P\,---,Pm] where pj:^[pQj,pij,p2j\. 



2.2 The defining equations of certain varieties 
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Since Fi{p) = 0, for every ; = 0, . . . , m, the nonzero /7,'s are points of X. So, by Remark 
2.2.1, it remains to prove that the nonzero p/'s are equal as points of P^. 

By contradiction, let / be the minimum integer such that p/ ^ and there exists k 
such that pi^ 7^ and pi ^ pi^ as points of P^. Moreover let j be the least among these 
k (so ; < j). Set li:= i + j. We claim that pi^ = pi provided that k + l ^ h, k < I, k ^ i, 
Pky^O and Pi ^ 0. In fact, if / < j, then p, ~ p\ by the minimal property of j. For the 
same reason, also pk = Pi, so — pi. On the other hand, if / > j, then k < i, so = pi 
by the minimality of /. So Fii^{p) = for any (A:,/) ^ such that k + l = h, because 
pic belongs to the tangent line of X in pi (being pi = pi^). Then Gi,{p) = Fji{p), and so, 
since p G 2f{J), Fjj{p) = 0: This means that pj belongs to the tangent line of X in pj, 
which is possible, being X a conic, only if p, = pj, a contradiction. 

For the lower bound, we just have to notice that, in this case. Proposition 2.2.2 
yields ara(/) > 3m. □ 

Remark 2.2.19. Badescu and Valla, computed recently in [4], independently from 
this work, the arithmetical rank of the ideal defining any rational normal scroll. Since 
the Segre product of a conic with P'" is a rational normal scroll. Theorem 2.2.18 is a 
particular case of their result. 

We end this subsection with a result that yields a natural question. 

Proposition 2.2.20. Let n>2 and m>\ be two integers. Let X ^ y+{F) CF" be 
a hypersurface smooth over k and let I Q P = \.[zq, ■ ■ ■ ,Za?] be the ideal defining an 
embedding X x P'" C P^^. Then 

cA{PI) = {^'^ if n = 2 and d^g{F)>3 
^ ' ' \ N-2 otherwise 

Proof. By Remark 1.2.1 we can assume k = C. If Z := X x P'" C P^, Using equation 
(1.8) we have 

j3o(Z) = l, j3i(Z)=i3i(X) and ^{Z) = ^{X) + l>2, 

where the last inequality follows by (1 . 1 1). If n = 2, notice that j3i {X) 7^ if and only 
if deg(F) > 3. In fact, equation (1.9) yields 

j3i {X) = /i'" {X)+h^^{X) = 2/1"' (X), 

where the last equality comes from Serre's duality (see [56, Chapter III, Corollary 
7.13]). But is the geometric genus of X, therefore it is different from if and 

only if deg(F) > 3. So if « = 2 we conclude by Theorem 1.2.4. If n > 2, then we 
have ^i{X) = by the Lefschetz hyperplane theorem (see the book of Lazarsfeld [7 1 , 
Theorem 3.1.17], therefore we can conclude once again using Theorem 1.2.4. □ 

In light of the above proposition, it is natural the following question. 

Question 2.2.21. With the notation of Proposition 2.2.20, if we consider the classical 
Segre embedding of X x P'" (and soN ^ nm + n + m),do the integers ara (/) and ara/, (/) 
depend only on n, m and deg(F)? 
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2.2.4 The diagonal of the product of two projective spaces 

In [99] Speiser, among other things, computed the arithmetical rank of the diagonal 

A = A(P")CP"xP", 

provided that the characteristic of the base field is 0. In positive characteristic he proved 
that the cohomological dimension of P" x P" \ A is the least possible, namely n — 1 , but 
he did not compute the arithmetical rank of A. In this short subsection we will give 
a characteristic free proof of Speiser's result. Actually Theorem 1.2.8 easily implies 
that the result of Speiser holds in arbitrary characteristic, since the upper bound found 
in [99] is valid in any characteristic. However, since in that paper the author did not 
describe the equations needed to define set-theoretically A, we provide the upper bound 
with a different method, that yields an explicit set of equations for A. 
To this aim, we recall that the coordinate ring of P" x P" is 

A:^k[xiyj : ij ^0,...,n] 

and the ideal / C A defining A is 

/ := {xiyj-Xjyi ■.0<i<j< n). 

Proposition 2.2.22. In the situation described above ara(/) = ara/,(/) = 2n — 1. 

Proof. As said above, by [99, Proposition 2. 1 . 1 ] we already know that ara/, (/) < 2« — 1 . 
However, we want to exhibit a new proof of this fact: Let us consider the following 
over-ring of A 

R ■.= h[xi,yj : iJ = Q,...,n]. 

Notice that A is a direct summand of the A-module R. The extension of / in R, namely 
IR, is the ideal generated by the 2-minors of the following 2 x (« + 1 ) matrix: 

/xo ... xA 
\yo ■■■ ynj' 

So, by [15, (5.9) Lemma], a set of generators of IRC R up to radical is 

8k ■= i^iyj-^jy')' k^\,...,2n-\. 

0<i<j<ii 

i+j=k 

Since these polynomials belong to A and since A is a direct summand of R, we get 

\/fel,---,§2n-lM =/, 

therefore 

ara(/) < ara/,(/) < 2« — 1. 

For the lower bound choose I coprime with char(k). Kiinneth formula for etale 
cohomology [82, Chapter VI, Corollary 8.13] implies that 

H^{r}, X vi,i/a) = 

while //2(A^-„Z/ffl) =//2(P;^,,Z/ffl) =Z/ffl. So, Theorem 1.2.8 yields 

ecd(;7) >4«-2, 

where [/ := P" x P" \ A. Therefore, combining (A. 8) and (A.7), we get 

2« — 1 < ara(/) < ara/,(/). 

□ 



Chapter 3 

Relations between Minors 



In Commutative Algebra, in Algebraic Geometry and in Representation Theory the 
minors of a matrix are an interesting object for many reasons . Surprisingly, in general, 
the minimal relations among the f-minors of a m x n generic matrix X are still unknown. 
In this chapter, which is inspired to our work joint with Bruns and Conca [21], we will 
investigate them. 

Let us consider the following matrix: 

^ All Xi2 JCi3 XiA 
\X2l X22 X2i X2a) 

where the x,j's are indeterminates over a field k. We remind that, as in the second 
part of Chapter 2, we denote the 2-minor insisting on the columns / and j of X by [ij], 
namely [ij] :— xuX2i ~ x\jX2i- One can verify the identity: 

[12][34]-[13][24] + [14][23] = 0. 

This is one of the celebrated PlUcker relations, and in this case it is the only minimal 
relation, i.e. it generates the ideal of relations between the 2-minors of X. Actually, 
the case t = min{m,«} is well understood in general, even if anything but trivial: In 
fact in such a situation the Pliicker relations are the only minimal relations among the 
f-minors of X. In particular, there are only quadratic minimal relations. This changes 
already for 2-minors of a 3 x 4-matrix. For 2-minors of a matrix with more than 2 rows 
we must first modify our notation in order to specify the rows of a minor: 

[Ol/-'^] '■— XipXjq XiqXjp. 

Of course, we keep the Pliicker relations, but they are no more sufficient: Some cubics 
appear among the minimal relations, for example the following identity 

/[12|12] [12|13] [12|14]\ 
det [13|12] [13|13] [13|14] =0 
\[23|12] [23|13] [23114]/ 

does not come from the Pliicker relations, see Bruns [12]. 

One reason for which the case of maximal minors is easier than the general case 
emerges from a representation-theoretic point of view. Let R be the polynomial ring 
over k generated by the variables x,y, and A, C denote the k-subalgebra of R gen- 
erated by the f-minors of X. When t = min{m,n}, the ring A, is nothing but than the 
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coordinate ring of the Grassmannian G{m,n) of all k-subspaces of dimension m of a 
k-vector space V of dimension n (we assume m < n). In the general case. A, is the 
coordinate ring of the Zariski closure of the image of the following homomorphism; 



where W is a k-vector space of dimension m. Notice that the group G : = GL(W) x 
GL(y) acts on each graded component [A,]j of A,. If f = min{m,«}, each [A,]^/ is actu- 
ally an irreducible G-representation (for the terminology about Representation Theory 
see Appendix D). This is far from being true in the general case, complicating the 
situation tremendously. 

In this paper, under the assumption that the characteristic of k is 0, we will prove 
that quadric and cubics are the only minimal relations among the 2-minors of a 3 x n 
matrix and of a 4 x « matrix (Theorem 3.2.8). This confirms the impression of Bruns 
and Conca in [18]. We will use tools from the representation theory of the general 
linear group in order to reduce the problem to a computer calculation. In fact, more 
generally, we will prove in Theorem 3.2.6 that a minimal relation between f-minors of a 
m X n matrix must already be in a m x (m + r)-matrix. In general, apart from particular 
well known cases, we prove that cubic minimal relations always exist (Corollary 3.1.8), 
and we interpret them in a representation-theoretic fashion. A type of these relations 
can be written in a nice determinantal form: A minimal cubic relation is given by 
the vanishing of the following determinant (just for a matter of space below we put 
5 = f - 1, M = f + 1 and v = t + 2): 



\[l,...,i,M,v|l,...,i,f] [l,...,i,M,v|l,...,i,M] [l,...,i,M,v|l,...,i,v]/ 

The above polynomial actually corresponds to the highest weight vector of the irre- 
ducible G-representation LyW ^LiV* , where 



However, for f > 4 there are also other irreducible G-representations of degree 3 which 
correspond to minimal relations, as we point out in Theorem 3.1.6. We also prove that 
there are no other minimal relations for "reasons of shape". The only minimal rela- 
tions of degree more than 3 which might exist would be for "reasons of multiplicity" 
(Proposition 3.2. 11). 

In Thoerem 3.2.1 we can write down a formula for the Castelnuovo-Mumford reg- 
ularity of A, in all the cases. This is quite surprising: We do not even know a set of 
minimal generators of the ideal of relations between minors, but we can estimate its 
regularity, which is usually computed by its minimal free resolution. Essentially this 
is possible thanks to a result in [IS] describing the canonical module of A,, combined 
with the interpretation of the Castelnuovo-Mumford regularity in terms of local co- 
homology as explained in Subsection 0.4.3. The regularity yields an upper bound on 
the degree of a minimal relation. Even if such a bound, in general, is quadratic in m 
(Corollary 3.2.7), it is the best general upper bound known to us. 

In the last section we also exhibit a finite Sagbi basis of A, (Theorem 3.3.2). This 
problem was left open by Bruns and Conca in [ I "], where they proved the existence 
of a finite Sagbi basis without describing it. With similar tools, in Theorem 3.3.5, we 



A, : nomt{W,V)^nomk{/\W,/\V), A,((/)):=A>, 




7:= (r+ l,f + l,r-2) and A := (f + 2,f- l,f- 1). 



3.1 Some relations for the defining ideal of A, 



45 



give a finite system of k-algebra generators of the ring of invariants A, , where U := 
U-{W) X U+{y) is the subgroup of G with U-{W) (respectively U+{V)) the subgroup 
of lower (respectively upper) triangular matrices of GL(W) (respectively of GL(y)) 
with I's on the diagonals. This is part of a classical sort of problems in invariant 
theory, namely the "first main problem" of invariant theory. 



3.1 Some relations for the defining ideal of A? 

Let k be a field of characteristic 0, m and n two positive integers such that m < n and 



X := 



X2\ X22 



X2n 



SLinx n matrix of indeterminates over k. Moreover let 



R{m,n) 



1, 



1, 



be the polynomial ring in m ■ n variables over k. As said in the introduction, we are 
interested in understanding the relations between the f-minors of X. In other words, we 
have to consider the kernel of the following homomorphism of k-algebras: 

n : St{m,n) — >At{m,n), 

where At{m,ii) is the algebra of minors, i.e. the k-subalgebra of R{m,n) generated 
by the f-minors of X, and St{m,n) is the polynomial ring over k whose variables are 
indexed on the f-minors of X. Since all the generators of the k-algebra A, (m,«) have 
the same degree, namely t, we can "renormalize" them: That is, a f-minor will have 
degree 1 . This way n becomes a homogeneous homomorphism. Let W and V be two 
k-vector spaces of dimension m and n. Of course we have the identification 

t t t t 

S,im,n)= Sym(/\ W®/\V*)=^ Sym^ i/\W®/\V*), 



thus G := GL(W) x GL(y) acts on Si{m,n). The algebra of minors Ai{m,n) is also a 
G-representation, as explained in Appendix D, Section D.3. Actually, for any natural 
number d, the graded components Si{m,n)ci and At{m,n)^i are finite dimensional G- 
representations, and the map n is G-equivariant. Let us denote 

Jt{m,n) : — Ker(;r). 

When it does not raise confusion we just write R, St, Jt and A, in place of R{m,n), 
St{m,n), Jt{m,n) and A;(m,«). 

Remark 3.1.1. Consider the following numerical situations: 



/ = 1 or « < f + 1 
t = m 



(3.1) 
(3.2) 



In the cases (3.1) the algebra A, is a polynomial ring, so that 7, = (for the case 
m = n = t + 1 look at the book of Brans and Vetter, [ • , Remark 10. 17]). In the case 
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(3.2) At is the coordinate ring of the Grassmannian G(m,«) of k-subspaces of V of 
dimension m. In this case, if 2 < m < n — 2, the ideal 7, is generated by the Pliicker 
relations. In particular it is generated in degree two. Clearly the Pliicker relations occur 
in all the remaining cases too. So the ideal /, is generated in degree at least 2 in the 
cases different from (3.1). 

Because Remark 3. 1. 1, throughout the paper we will assume to being in cases dif- 
ferent from (3.1) and (3.2). So, from now on, we feel free to assume 

1 <t <m and « > f + 1 . 

Our purpose for this section is to show that in the above range minimal generators of 
degree 3 always appear in J,. Notice that, since n is G-equivariant, then 7, is a G- 
subrepresentation of St- Moreover, if LyW ^ L^V* is an irreducible representation of 5, 
then Schur's Lemma D. 1 . 1 implies that either it collapses to zero or it is mapped 1 - 1 to 
itself. In other words tt is a "shape selection". Therefore, Theorem D.3.2 implies that 
LyW (E) L^V* C J, whenever LyW ^L^V* C Si, and 7 and X are different partitions of 
a natural number d. However, it is difficult to say something more at this step. In fact, 
in contrast with A,, a decomposition of St as direct sum of irreducible representations 
is unknown. For instance a decomposition of Sym(/\'"y) as a GL(y)-representation 
is known just for m < 2, see Weyman [107, Proposition 2.3.8]. When m > 2, this 
is an open problem in representation theory, which is numbered among the plethysm's 
problems. In order to avoid such a difficulty, we go "one step more to the left", in a way 
that we are going to outline. For any natural number d we have the natural projection 

d r I t t 

Pd ■■ (8)(A^® A^*) Sym''{J\W®/\V*) ^ S,im,n)a. 

The projection p^i is a G-equivariant surjective map. We have also the following G- 
equivariant isomorphism 

/^:((8)A^)®(0A^*)^0(A^®A^*)- 

Therefore, for any natural number d, we have the G-equivariant surjective map 

d t d t 

(l>d--=Pdofd:{^/\W)®{^/\V*)^St{m,n)d. 

Putting together the (j)/s we get the following (G-equivariant and surjective) homoge- 
neous k-algebra homomorphism 

d t d t 

(/) : Tt{m,n) := ^{{® ^W) ® /\V*)) ^ St{m,n). 

dm 

When it does not raise confusion we will write 7) for Tt{m,n). 

Remark 3.1.2. Notice that Tt is not commutative. The ideals I CT, we consider will 
always be two-sided, i.e. they are k-vector spaces such that st and ts belong to I 
whenever f g 7 and s E Tt. Moreover, if we say that an ideal / C r, is generated by 
f 1 , . . . , fty we mean that 

I = (LfiUgi ■■ f„g,eTt{m,n)]. 

i=\ 

In this sense Tt is Noetherian. However, 7} is neither left-Noetherian nor right-Noetherian. 



3.1 Some relations for the defining ideal of A, 
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By definition and by meaning of the fj\, the kernel of is generated in degree 2, 
namely 

t t 

KcriiP) = (if ®f')^{e®e'))~ if ®f)®ie'®e)) : fj'e/\W, e,e' e /\V*). 

Finally, we have a G-equivariant suijective graded homomorphism 

y/ := 7Z o (p : Ti{m,n) A,{m,n). 

We call Kf (m, n) (Kf when it does not raise any confusion) the kernel of the above map. 
Since Ker(0) is generated in degree two and /, is generated in degree at least two, in 
order to understand which is the maximum degree of a minimal generator of 7,, we can 
study which is the maximum degree of a minimal generator of Kt. 

Lemma 3.1.3. Let d be an integer bigger than 2. There exists a minimal generator of 
degree d in Kt if and only if there exists a minimal generator of degree d in 7,. 

The advantages of passing to T, are that it "separates rows and columns" and that 
it is available a decomposition of it in irreducible G-representations, see Proposition 
3. 1 .4. The disadvantage is that we have to work in a noncommutative setting. 

Proposition 3.1.4. As a G- representation Tt decomposes as 

T,{m,n),^ {LyW®L^y*)'<y-^\ 

7 and X d-admissihle 
ht(7) < m, ht(A) < n 

where the multiplicities n (7, A) are the nonzero natural numbers described recursively 
as follows: 

1. Ifd = 1, i.e. ify~X ~ (t), then «(7,A) = 1; 

2. Ifd > I, then n{y, X) ~ T^'^iY t^') where the sum runs over the (d— l)-admissible 
diagrams / and V such that / C 7 C (t) and A' C A C jl'(f ) {for the notation 
see Theorem D.2.11). 

Proof. Since Tt{m,n)\ = t^W ® l\^V, we can prove the statement by induction. So 
suppose that 

Tr{m,n\,_,= (LyW ®L^V*)<y-^^ 

/and X (d— 1) -admissible 
ht(7) < m, ht(A) < n 

for d>2. Therefore, since (m, n)^ = T, (m, «) j_ 1 » ( A' W «) A' V* ), we have 

Um,nl,^ {{LyW®'l\W)®{L^V*®'f\V*))<y-^\ 

7 and X {d—\ )-admissible 
ht(r) <m, lit(A) <n 

At this point we get the desired decomposition from Pieri's Theorem D.2. 11. □ 

As the reader will realize during this chapter, the fact that the «(7,A)'s may be, 
and in fact usually are, bigger than 1, is one of the biggest troubles to say something 
about the relations between minors. We will say that a pair of c/-admissible diagrams, 
a li-admissible bi-diagram for short, (/jA') is a predecessor of a (t/ + l)-admissible 
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bi-diagram (7|A) if / C yC / (f ) and A' C A C A'(f ). In order to simplify the notation, 
from now on a sentence like "(7|A) is an irreducible representation of T, (or 5, or 7, 
etc.)" will mean that LyW ^L^V* occurs with multiplicity at least 1 in the decomposi- 
tion of Tf (or St or 7, etc.). Furthermore, since both J, and are generated, as ideals, by 
irreducible representations, we say that "(7|A) is a minimal irreducible representation 
of Jt (or of KfY' if the elements in LyW (E> L^V* are minimal generators of Ji (or Kt). 

We are going to list some equations of degree 3 which are minimal generators of 
Ji (in situations different from (3.1) and (3.2)). To this purpose we define some special 



bi-diagrams (/lA') for any i = 1, 



, for which both / and A' have exactly 3f 



boxes. In Theorem 3.1.6, we will prove that some of these diagrams will be minimal 
irreducible representations of degree 3 in 7,. It is convenient to consider separately the 
cases in which t is even or odd. 

Suppose that t is even. For each ; = 1, . . . , - we set a,- := — ' + 1, := 2(; — 1), 
c; : = 2(f — ; + 1) and di := — h / — 1. Then 



A' := {ci,di,di). 



(3.3) 



It turns out that / and A' are both partitions of 3f . 

t-\ , 3f-l 

If t is odd, then for each / = 1, . . . , set a,- :~ — /+ 1, Z?; := 2(/ — 1) + 1, 



:2(r-i + 1) - 1 andd'i : 



f + 1 



/ — 1 . Then 



y:=(fl;,fl;,/7;), (3.4) 
A':=(c;,fl';,flf;). 

Once again it turns out that Y and A' are both partitions of 3f . 

Example 3.1.5. For t ~2 there is only one (7" |A'), namely (7' |A ' ). The picture below 
features this bi-diagram. 



(r'lA') = 



Notice that the above bi-diagram has only one predecessor, namely 



{a'\a') 



It turns out that (a' |a') has multiplicity one and is symmetric. As we are going to see 
in the proof of Theorem 3.1.6 this facts holds true in general, and it is the key to find 
minimal relations in Jt. 



3.1 Some relations for the defining ideal of A, 



49 



Theorem 3.1.6. The bi-diagram {Y\^') is a minimal irreducible representation of Jt 
of degree 3 in the following cases: 



Proof. By Lemma 3.1.3 it is enough to show that the bi-diagram (/lA') is a minimal 
irreducible representation of degree 3 of Kf. Both Y and k' are 3-admissible partitions. 
Furthermore, the assumptions on ; imply that /j < m and X[ < n. Therefore (/lA') is an 
irreducible representation of [Ti]^ by Proposition 3.1.4. Notice that [7;]3 decomposes as 
[Kt]j, © [A,]3. But (/lA') is an asymmetric bi-diagram, i.e. Y 7^ A', thus it cannot be an 
irreducible representation of A, by Theorem D.3.2. This implies that it is an irreducible 
representation of [Kt]^. 

It remains to prove that ( / 1 A ' ) is minimal. First of all we show that it has multiplic- 
ity 1 in 7}. If f is even the unique predecessor of (/[A') is the symmetric bi-diagram 
{a'\a'), where: 



Also if t is odd the unique predecessor of (/jA'), which we denote again by {a'\a'), 
is symmetric. The G-representation [Ti]2 decomposes as [Ki]2 ffi [At]2- Now, the ir- 
reducible representations of Tt of degree 2 have obviously multiplicity 1, since their 
unique predecessor is ((f)|(0) that has multiplicity 1. So {a'\a') is not an irreducible 
representation of [Kt]2, because it is an irreducible representation of [At]2 by Theorem 
D.3.2 and it has multiplicity 1 in [Tt]2- Therefore we conclude that (/ [A') is a minimal 
irreducible representation of K, of degree 3. □ 

Definition 3.1.7. The bi-diagram (/ lA') such that / satisfies the condition of Theorem 
3.1.6 are called shape relations. 

Corollary 3.1.8. In our situation, i.e. if\<t<m and n > t + 1, the ideal Jt has some 
minimal generators of degree 3. 

Proof. It is enough to verify that there is at least one / satysfying the conditions of 
Theorem 3.1.6. □ 

3.1.1 Make explicit the shape relations 

The reader might recriminate that we have not yet described explicitly the degree 3 
minimal relations we found in Theorem 3.1.6. Actually we think that the best way to 
present them is by meaning of shape, as we did. But of course it is legitimate to pretend 
to know the polynomials corresponding to them, therefore we are going to explain how 
to pass from bi-diagrams to polynomials. Consider one of the bi-diagrams (/lA') of 
Theorem 3.1.6. Let us call it (7|A). Then choose two tableux F and A of shape, 
respectively, y and A and such that c(F) = c(A) = 3f . We can consider the following 
map 




a\ = --i + l 
o4 = ^ + /-l. 




e(F) ® e(A)* : W ® (g) y* (g) W (8 (g) V* 
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where e(-) are the Young symmetrizers (see D.2.1). Actually the image of e(r) (8)e(A)* 
is in /\'Wi^ 0^ A' therefore we can compose it with the map 

3 r 3 r 

The polynomials in the image do not depend from the chosen tableu, since LyW (E)LxV* 
has multiplicity one in T,. 

Actually, among the bi-diagrams {Y\^') of Theorem 3.1.6, there is one such that the 
relative ?7-invariant (see Subsection D.3) can be written in a very plain way. Namely, 
the bi-diagram under discussion is (7|A) := (yL'/^J |A L'/^J ), namely; 

(7|A) = ((f + l,f+l,f-2)|(f + 2,f-l,f-l)). 

The corresponding equation can be written in a determinantal form: More precisely, it 
is given by the vanishing of the following determinant (just for a matter of space below 
we put s = t— l,u = t + l and v = f + 2): 

.,s,l,u\l,...,s,t] [l,...,s,t,u\l,...,s,u] [l,...,s,l,u\l,...,s,v]\ 
.,s,t,v\l,...,s,t] [l,...,sj,v\l,...,sui] [l,...,s,t,v\l,...,s,v] \ ^0. (3.5) 
.,s,u,v\l,...,s,t] [l,...,s,u,v\l,...,s,u] [l,...,s,u,v\l,...,s,v]J 

We are going to prove that (3.5) gives actually the [/-invariant of the irreducible rep- 
resentation (7|A) described above. In particular, this means that the determinant (3.5) 
generates LyW (E)LxV* as a G-module. Furthermore, notice that in the cases f = 2 , 3 the 
unique minimal irreducible representation of 7, of degree 3 we described in Theorem 
3.1.6 is (7|A). So, in these two cases we have a very good description of the (guessed) 
minimal equations between f-minors. 

Proposition 3.1.9. If I < t < m and n > t + I, the equation (3.5) supplies the U- 
invariant of the minimal irreducible representation (7|A) of Jt, where y = (f + l,f + 
1 , f — 2) and A = (f+2,f— l,f— 1). Particularly, it is a minimal cubic generator of Jt. 

Proof. First of all notice that the polynomial of the determinant of (3.5) is nonzero 
in St- This is obvious, since it is the determinant of a 3 x 3 matrix whose entries are 
variables all different between them. 

Let us call / the polynomial associated to the determinant of (3.5). To see that / 
is an [/-invariant, we have to show that {A,B) ■ f ~ af for some a e Ik\ {0}, where 
A G U-{W) C GL(W) is a lower triangular matrices and Be U+{V)'Z GL(V') is an up- 
per triangular matrices. To prove this, it suffices to show that / vanishes formally every 
time that we substitute an index, of the columns or of the rows of the variables appear- 
ing in /, with a smaller one. This is easily checkable: For example, if we substitute the 
(f +2)th row with the fth one, that is, using the notation of (3.5), if we substitute the 
vth row with the fth one, then / becomes: 



[l,...,s,t,u\l,...,s,t] [l,...,s,t,u\l,...,s,u] [l,...,s,t,u\l,...,s,v] 
det I 

'[!,... ,S,U,t\l,. .. ,S,t] — [1, . . . ,S,M,f I 1, . . . ,i,M] — [1, . . . ,i,M,f |1, . . . ,i, v] 



which is obviously formally 0. Or, if we substitute the \'th column with the fth one, / 
becomes: 
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([l,...,s,t,u\l,...,s,t] [l,...,s,t,u\l,...,s,u] [l,...,s,t,u\l,...,s,tY 
[l,...,s,/,v|l,...,s,f] [!,...,«, f,v|l,...,s,M] [l,...,s,f,v|l,...,i,f] 
[l,...,S,M,v|l,...,5,f] [l,...,S,U,v\l,...,S,u] [l,...,i,M,v|l,...,i,f] 

which is formally since the first and third columns are the same. 

To see that (3.5) becomes in A,, under n, we have to observe that / becomes the 
expansion in f-minors of the determinant of the following 3f x 3t matrix: 





Xl2 ■ 


■ xi. 


Xll 


Xll 


Xl2 ■ 


■ Xls 


XXu 


XXX 


Xl2 ■ 


■ Xxs 


Xlv 




X22 ■ 


■ X2s 


X2t 


X2l 


X22 ■ 


■ X2s 


X2u 


X2l 


X22 ■ 


■ X2s 


X2v 




Xs2 ■ 


Xss 


Xst 


Xsl 


Xs2 ■ 


Xss 


Xsil 


Xsl 


Xs2 ■ 


Xss 


Xsv 


x,i 


Xt2 ■ 


Xts 


Xtt 


Xtl 


Xt2 ■ 


Xts 


Xtu 


Xtl 


Xt2 ■ 


Xts 


Xtv 


Xul 


Xu2 ■ 


Xus 


Xut 


Xul 


Xu2 ■ 


Xus 


Xuit 


Xul 


Xu2 ■ 


Xus 


Xuv 


X\l 


x\2 ■ 


■ XXs 


Xlt 


Xll 


Xl2 ■ 


■ XXs 


XXu 


Xll 


Xl2 ■ 


■ XXs 


Xlv 




X22 ■ 


■ X2s 


X2t 


X2l 


X22 ■ 


■ X2s 


X2u 


X2l 


X22 ■ 


■ X2s 


X2v 


Xs\ 


Xs2 ■ 


Xss 


Xst 


Xsl 


Xs2 ■ 


Xss 


Xsu 


Xsl 


Xs2 ■ 


Xss 


Xsv 






Xts 


Xtt 


Xtl 


x,2 ■ 


Xts 


Xtu 


Xtl 


x,2 ■ 


Xts 


Xtv 




Xv2 ■ 


■ Xvs 


Xvt 


Xvl 


Xv2 ■ 


Xvs 


Xvu 


Xvl 


Xv2 ■ 


Xvs 


Xvv 


Xll 


x\2 ■ 


■ XXs 


Xlt 


Xll 


Xl2 ■ 


■ XXs 


XXu 


Xll 


Xl2 ■ 


■ XXs 


Xlv 


X21 


X22 ■ 


■ X2s 


X2t 


X2l 


X22 ■ 


■ X2s 


X2u 


X2l 


X22 ■ 


■ X2s 


X2v 


Xs\ 


Xs2 ■ 


Xss 


Xst 


Xsl 


Xs2 ■ 


Xss 


Xsu 


Xsl 


Xs2 ■ 


Xss 


Xsv 


Xul 


Xu2 ■ 


Xus 


Xut 


Xul 


Xu2 ■ 


Xus 


Xuu 


Xul 


Xu2 ■ 


Xus 


Xuv 




Xv2 ■ 


Xys 


Xvt 


Xvl 


Xv2 ■ 


Xvs 


Xvu 


Xvl 


Xv2 ■ 


Xvs 


Xvv 



Such a determinant is zero (for instance because the 1st row is equal to the (f + l)th). 

So far, we have shown that the polynomial f G St associated to (3.5) is a nonzero 
{/-invariant of Jt- Now, it clearly has bi-weigth ('/I'A), so it is the [/-invariant of the 
irreducible representation (7|A). Particularly, it is a minimal cubic generator of 7, by 
Theorem 3.1.6. □ 



Remark 3.1.10. Actually, in the proof of Proposition 3. 1 .9 it is not necessary to show 
that the determinant of (3.5) vanishes in A,. In fact, once proved that it is the U -invariant 
of (7|A), that it goes to zero follows because 7 7^ A. However we wanted to show that it 
vanishes because the huge matrix of Proposition 3.1.9 has been the first mental image 
that suggested us the equation 3.5. 



3.2 Upper bounds on the degrees of minimal relations 
among minors 

During the previous section we have found out some cubics among the minimal gener- 
ators of Jf. The authors of [18] said that there are indications that quadrics and cubics 
are enough for generating 7,, at least for f = 2. In this section we are going to prove that 
their guess is right for 3 x « and 4 x « matrices. The way to get these results will be to 
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notice that the "minimal" f/-invariants of a 72(3, «) must be already in /2(3,5), and a 
similar fact for a 4 x «-matrix. These cases are then doable with a computer calculation. 
Furthermore, we will give some reasons to believe to the guess of [ ; ] in general, even 
for f > 3. First of all, anyway, we will give a formula for the Castelnuovo-Mumford 
regularity of A,(ot,«) in all the cases. Since A,(OT,n) = St{m,n)/Jt{m,n), we will also 
get a general upper bound for the degree of a minimal relation between minors (see 
0.4.3). 



3.2.1 Tha Castelnuovo-Mumford regularity of the algebra of mi- 
nors 

The authors of [ i ] noticed that A, is a Cohen-Macaulay k-algebra with negative a- 
invariant. This implies that the degrees of the minimal generators of J, are less than or 
equal to dimA, ~ mn (for the last equality see [ , Proposition 10.16]). It would be 
desirable to know the exact value of fl(A,), equivalently of reg(A,). To this aim we will 
pass through a toric deformation of A,. If -< is a diagonal term order onR— R{m, «), i.e. 
such that in([/i . . . ip\ji . ..jp]) ^Xij^ ■ ■ -Xi^jp, then the initial algebra in(A,) is a finitely 
generated normal Cohen-Macaulay k-algebra, see [19, Theorem 7.10]. Furthermore in 
[18, Lemma 3.3], the authors described the canonical module G)in(A,) of in(Ai). By 
(0.12) we have that fl(in(A,)) = — min{c/ ; [©inf^,)];/ ^ 0}. Thus it is natural to expect 
to get the Castelnuovo-Mumford regularity of in(A,) from ft)in(A,)- Actually this is true, 
albeit anything but trivial, and we are going to prove it in Theorem 3.2.1. Eventually, 
it is easy to prove that reg(A,) = reg(in(A,)). 

Theorem 3.2.1. Suppose to be in cases different from (3.1) and (3.2), that is I < t < m 
and n > t + 1. Then At and in (A,) are finitely generated graded Cohen-Macaulay 
algebras such that: 

(i) Ifm + n— 1 < \ mn/t\, then 

a{At) = a(in(A;)) — — \mn/t~\ , 
reg(A,) = mn — \mn/t] . 

(ii) Otherwise, i.e. ifm + n—\ > \ mn/t\, we have 

a(A,) =fl(in(A,)) = - [m(« + A:o)/fJ , 
reg(A() = mn — [m{n + ko) /t\ . 

where ko ~ \{tm + tn — mn) / {m — f )] . 

Proof. The k-algebras A, and in(A( ) are finitely generated and Cohen-Macaulay by [ 1 9, 
Theorem 7. 10]. By [18, Lemma 3.3], it turns out that the canonical module (O = (iKn(A,) 
of the initial algebra of At with respect to a diagonal term order -< is the ideal of in (A,) 
generated by in(A), where A is a product of minors of X of shape 7 = (7i , • • • , 7/,) where 
I7I = td, h <d and such that j: := Ylxij divides in(A). To prove the theorem we need to 
find the least d for which such a A exists. Of course such a d must be such that td > mn, 
but in general this is not sufficient. First we prefer to illustrate the strategy we will use 
to locate d with an example: 
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Example 3.2.2. Set t = 3 and m = n = 5. So our matrix looks like 



f xn 


Xl2 


JC13 


X14 


Xl5 \ 


X2l 


X22 


X23 


X24 


X25 


X3l 


X32 


X33 


X34 


X35 


X4l 


X42 


X43 


X44 


X45 


\ X5i 


X52 


X53 


X54 


X55 / 



Notice that we are in the case (ii) of the theorem. We are interested in finding the least 
J € N such that there exists a product of minors A e A3(5,5) of shape 7 = (7i , • • • , //j) 
such that I7I = 3d, h <d and y = Ylxij divides in(A). The first product of minors which 
comes in mind is 

A2 := [123451 12345] [1234|2345][2345|1234][123|345][345| 123] [12|45][45|12][1|5][5|1]. 

Obviously in(A2) is a multiple of'f, but its shape is 72 = (5,4,4,3,3,2,2, 1, 1). This is 
a partition of 25, which is not divisible by 3. This means that A2 does not even belong 
to A3 (5, 5). Moreover the parts 0/72 are 9, whereas [25/3 J =8 (it should be bigger 
than 9). To fix this last problem, it is natural to multiply ^2 for 5-minors till the desired 
result is gotten. For instance, setting Ai := A2 • [12345 1 12345]^, we have that Ai is a 
product of minors of shape 71 = (5,5,5,5,4,4,3,3,2,2, 1, 1). This is a partition o/40 
with 12 parts, and [40/3J = 13 > 12. However Ai is still not good, because 40 is not a 
multiple of 3. In some sense Ai is too big, in fact we can replace in its shape a 5-minor 
by a A-minor, to get a partition of 39. For instance, set 

A := A2 • [12345|12345]-[1234|1234]. 

The shape of A is 7= (5,5,5,4,4,4,3,3,2,2,1,1), which is a partition of 39 with 12 
parts. Since 39 = 3-1 3, 12<13 and y divides in (A), the natural number d we were 
looking for is at most 13. Actually it is exactly 13, and we will prove that the strategy 
used here to find it works in general. Before coming back to the general case, notice 
that in this case ko ~ 3, and 13 = [^0/3] = \ m(n + kQ)/t\. 

First let us suppose to be in the case (i). Let us define the product of minors 

n ;= ;ri • • • ?rm+n-i 

where 

if I < i <m 
if m < i <n 
if n < i < m + « — 1 

The shape of 11 is A = (m"^™+', {m — 1)^, (m — 2)^, . . . , 1^), which is a partition of 
mn. Moreover y divides in(n). Let rg be the unique integer such that < ro < f and 
mn + ro = dot. If ro = 0, then we put A H and 7 := A. Then 7 has m + « — 1 parts 
and m + n— I < [mn/t\ ~ mn/t = do- Since in(A) is a multiple of y, we deduce that 
7^ 0, i.e. 

o{A,) > —do = —mn/t = — \mn/t~\ . (3.6) 

Now suppose that ro > 0, i.e. mn is not a multiple of f. So, in this case, [mn/f] = 
[mn /t\ + 1 . We multiply n by an -minor, for instance set 



[m — ; + 1 , — ; + 2, . . . , m| 1 , 2, . . . , /] 
^i'-— { [1,2, . . . ,m|/ — m + 1,/ — »J + 2, . . .,/] 
[l,2,...,m + « — /[/ — m+1,; — m + 2. 



A:=n-[l,2,...,ro|l,2,...,ro]. 
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The shape of A is 7 = {m"-"'+\{m - l)^ ,{ro + if ,rl,{ro - 1)2,..., l^). This is a 
partition of dot with m + n parts. Since m + « — 1 < [mn /f J , we get m + n < \mn /f] = 
dQ. Since y divides in(A) (because it divides in(n)), we get (OcIq 7^ 0, i.e. 

a{At) > -<io = - \nin/t~\ . (3.7) 

Clearly equality must hold true both in (3.6) and in (3.7), since if y divides a monomial 
in(r) for some F S A,, then deg(r) > \mn/t'\ . 

Now let us assume to be in the case (ii). Notice that the integer ko of the assumption 
is bigger than 0. Let po be the unique integer such that < po < t and m{n + ko) = 
dot + pq. Let us define the product of minors 

A:=n-[l,2,...,m|l,2,...,mf''-'-[l,2,...,m-po|l,2,...,m-po]- 
The shape of A is 

7 = (,>+"-'", (m - 1)2, (m -P0+ if, (m - po)\im - po- if , . . . ,1^). 

This is a partition of dot with ko + n + m— 1 parts. By the choice of ko, one can verify 
that ko + n + m — 1 < do- Furthermore, being A a multiple of Yl, y divides in(A). So 
in(A) G CO, which implies cOdg 7^ and 

a{Ar) > -do = - [m{n + ko)/t\ . (3.8) 

To see that the a-invariant of in (A,) is actually —do in (3.8), we need the following easy 
lemma. 

Lemma 3.2.3. With a little abuse of notation setX := {xij : / = 1 , . . . , m, 7 = 1 , . . . , «}. 
Define a poset structure on X in the following way: 

Xij < Xfik if i = h and j = k or i < h and j < k. 

Suppose thatX —XiU... UXi, where each Xi is a chain, i.e. any two elements ofXi are 
comparable, and set N :— ^'Lj Then 

, N 

h> —+m-l. 
m 

Proof. For any £= 1 , . . . ,m — 1 set 

X{1) := {xij eX : oim + j-i = £ or « + (/ - ;) = £}. 

It is easy to see that for any £, \X{£)\=2£. Moreover, if F is a chain such that X{£)r\Y 
for some £, then \ Y\ <£. Notice that x,„k ^X{k) for all k = 1 , . . . ,m — 1 . So, choosing 
an i^. such that e we have that | < k. Note that i^ 7^ //, whenever k^ h since 
Xmk and Xmh ^re not comparable. In the same way we choose a Xj^^ containing „+i_<. 
for any ^ = 1, . . . ,OT — 1. Once again < ^ since jci „+i_i. € X(A:). Furthermore the 
y'i's are distinct because different JCi „+i_it's are incomparable. Actually, for the same 
reason, all the //,'s and j^'s are distinct. In general, for any / = 1 , . . . , /i we have | < m. 
Thus, setting A := : ^ = 1, . . . ,m — 1}, we get 

h 

N^Y.\^i\ = L l^'l ^ {m-l)m + m{h-2m + 2), 

i=\ ieA /G{l,..../i}\A 

which supplies the desired inequality h> \-m — 1. □ 
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Now take a product of minors A = 5i • • • 5/, such that in(A) G co. Let X be the shape 
of A and suppose that | A | ^td with d < do. For any / = 1 , . . . , /i set 



Xi {^ 



|in(5,)}. 



Since y divides in(A), with the notation of Lemma 3.2.3 we have thatX = U^'^jX,- where 
each Xj is a chain with respect to the order defined on X. So by Lemma 3.2.3 we have 
that 

dt 

n> \-m — 1. 

m 

We recall that dot — mn + mko — po, where < po < t. Of course we can write in a 
unique way dt = mn + ms — q, where <q < m. Before going on, notice that is the 
smallest natural number k satisfying the inequality 



m+n+k— 1 < 

By what said s < ko. There are two cases: 
1 . If s ~ ko, consider the inequalities 



-k) 



m + n + [s — I) — I 



dt + q 



2< 



dt 



l<h<d-l. 



Notice that, since d < do, we have that q > po + t. Moreover m < 2t, otherwise 
we would be in case (i) of the theorem. Thus 



^ m{n +s) ^ q — t ^ 



m(n + (i — 1)) 



The inequalities above contradicts the minimality of ko. 
2. If s < ko, then 



n+s+m— 1 = 



dt + q 



m— 1 < h < d = 



m{n + s) — q 



< 



m{n+s) 



Once again, this yields a contradiction to the minimality of ko. 
Finally, it turns out that the Hilbert function of a graded k-algebra and the one of its 
initial algebra (with respect to any term order) coincide, see Conca, Herzog and Valla 
[24, Proposition 2.4]. In particular we have HF^, = HFin(^^) and HP^, = HPjnj^^). So 
by the characterization of the a-invariant given in (0. 14), we have 

a{A,)=a{m{At)). 

Furthermore reg (A;) = dimA, +a(Ar) from (0.11), anddimA; — mn by [15, Proposition 
10.16]. □ 

Remark 3.2.4. Let us look at the cases in Theorem 3.2.1. 

(i) If X is a square matrix, that is m = n, one can easily check that we are in case 
(i) of Theorem 3.2.1 if and only if m is at least twice the size of the minors, i.e. 
m > 2t. 

(ii) The natural number ko of Theorem 3.2.1 may be very large; For instance, let us 
consider the case t = m — I and « = m + 1. Since in the interesting situations 
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m > 3, one can easily check that we are in the case (ii) of Theorem 3.2. 1. In this 
case we have ko = — 2m — 1. Therefore Theorem 3.2. 1 yields 

a(A„,_i (m,m + 1)) = 

and 

reg(A,„_i(m,m+l)) =m. 

Since reg(7,) = reg(A,) + 1 and reg(y,) bounds from above the degree of a mini- 
mal generator of Jt by Theorem 0.4.7, as a consequence of Theorem 3.2.1 we get the 
following: 

Corollary 3.2.5. Let us call d the maximum degree of a minimal generator of Jt- 
(i) Iftn + n — l< \ mn/t\, then 

d < mn — \mn /f ] + 1 . 

(ii) Otherwise, i.e. ifm + n— 1 > \ mn/t\, we have 

d < mn — \ m{n + ^o) /f J + 1 7 

where kQ= \{tm + tn — mn)/{m — t)~\. 

For instance, the degree of a minimal generator of J2 can be at most [mn/2\ + 1. 
Instead, a minimal generator of 7,„_ 1 (m, m+l) has degree at most m+l. 

3.2.2 The independence on n for the minimal relations 

Given a degree d minimal relation between r-minors of the mx n matrix X, clearly it 
insists at most on td columns of X. Therefore it must be a minimal relation already in 
amx td matrix. This fact can be useful when d is small: For instance, to see if there 
are minimal relations of degree 4 between 2-minors of a 3 x «-matrix, it is enough 
to check if they are in a 3 x 8 matrix. However, even once checked that there are no 
minimal relations of degree 4, there might be anyway of degree 5, 6 or so on; and 
with d growing up this observation is useless. In fact, unfortunately, so far the best 
upper bound we have for the degree of a minimal relation is given by the Castelnuovo- 
Mumford regularity of At{m,n), see Theorem 3.2.1. For example, the degree of a 
minimal generator of 72(3, n) might be c/ = l3n/2\ + 1, provided n > 6. So we should 
control if such a minimal relation is in a m x td matrix; but td = 2[3«/2j + 2 > «, 
so we would be in a worse situation than the initial one. In this subsection we will 
make an observation somehow similar, but finer, to the one discussed above. The size 
of the "reduction-matrix", besides being independent on «, will not even depend on d. 
Precisely, in Theorem 3.2.6 we will show that a a degree d minimal relation between 
f-minors of an m x n matrix must be already in a m x (m + t) matrix ! Thus, in principle, 
once fixed m we could check by hand the maximum degree of a minimal generator of 
Jt{m,n). In practice, however, a computer can actually supply an answer just for small 
values of m. Actually the proof of Theorem 3.2.6 is not very difficult: Essentially we 
have just to exploit the structure as G-representations of our objects. 

Theorem 3.2.6. Let d{t,rn,n) denote the highest degree of a minimal generator of 
Jt{m^n). Then 

d{t,m,n) < d(t,m,m + t) 
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Proof. We can assume to be in a numerical case different from (3.1). So d{t,m,n) is 
the highest degree of a minimal generator of Kt{m,n), too (Lemma 3.1.3). Therefore 
suppose that {y\X) is a minimal irreducible representation of Kt{m,n). Then we claim 
that Ai < m + t: If not, for any predecessor of (7|/l) we have that Aj' > m. On 

the other side < m. This implies that any predecessor of (7|A) is asymmetric, and so 
for any (/[A') predecessor of (7|A) 

LYW(g)L^iV* CK,{m,n). 

Since there must exist some predecessor (/lA') such that 

I t 

it turns out that (7|A) cannot be minimal. So if (7|A) is minimal in Kt{m,n), then 
Ai <m + t. Let us consider the canonical bi-tableu of (7|A) , namely (cyl^)- Suchabi- 
tableu corresponds to a minimal generator of K, {m, «) . By the definition of the Young 
symmetrizers (see D.2.1), actually (cy|c;i) can be seen as an element of Tt{m,m + 1), 
because Ai < m + t. So it belongs to K,{m,m + 1). Furthermore, if (cy|c;i) were not 
minimal in Kt {m, m + t), all the more reason it would not be minimal in Kt {m, n). This 
thereby implies the thesis. □ 

So, putting together Corollary 3.2.5 and Theorem 3.2.6, we get: 

Corollary 3.2.7. Let d{t,n,m) be as in Theorem 3.2.6. 

(i) If m + t- 1 < [m^/fj, then 

d{t,m,n) < m^ +m{t- 1) - \m^/t~\ + 1. 

( ii) Otherwise, we have 

d(t,m,n) < m^ + m{t— 1) — [m{m + ko)/t\ + 1, 

where ko ~ \ {t^ + tm — m^)/ {m — t)^. 

For instance. Corollary 3.2.7 implies that a minimal relation between 2-minors of a 
3 X n matrix has degree at most 7. Actually we will see in the next subsection that such 
a relation is at most a cubic. 

3.2.3 Relations between 2-minors of a 3 x n and a 4 x n matrix 

In this paragraph we want to explain the strategy to prove the following result: 

Theorem 3.2.8. Foralln >4, the ideals J2{3,n) and J2{4-,n) are generated by quadrics 
and cubics. 

Of course we have to use Theorem 3.2.6. It implies that c/(2,3,«) < ii(2,3,5) 
and d{2,4,n) < J(2,4,6). Since we already know that there are minimal relations 
of degree 2 and 3 by Corollary 3.1.8, we have just to show that c/(2,3,5) < 3 and 
c/(2,4,6) < 3. The strategy to prove these inequalities is the same; however from a 
computational point of view we must care more attentions to show the second one, 
since its verification might require some days. For this reason we will present the 
strategy to prove the second inequality: 
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(1) Set J 72(4,6), S -.^ ^2(4,6) and, for any c/ e N, let C J denote the ideal 
generated by the polynomials of degree less than or equal to d of J. By elimina- 
tion (for instance see Eisenbud [34, 15. 10.4]) one can compute a set of generators 
of 7<3. 

(2) Fixed some term order, for instance degrevlex, we compute a Grobner basis of 
/<3 up to degree 13. So we get B := in(7<3)<i3. 

(3) Let us compute the Hilbert function of S/B. Clearly we have 

where equality holds true provided that d <\3. 

(4) We recall that a decomposition of At{m,n) in irreducible G-representations is 
known by Theorem D.3.2. Moreover any irreducible G-module appearing in 
it is of the form L^W ^ L^V* for some partition X. It turns out that there is a 
formula to compute the dimension of such vector spaces, namely the hook length 
formula (for instance see the book of Fulton [42, p. 55]). So we can quickly get 
the Hilbert function of A2(4,6) = S/J. Let us compute it up to degree 13. 

(5) Since7<3 CJ, we will have that HF5/3(ii) >liFs/j{d). However, comparing the 
two Hilbert functions, one can check that HFs/g{d) — HFs/j{d) for any d < 13. 
This implies that 7<3 = y<i3. 

(6) Corollary 3.2.5 yields that a minimal generatorof / has at most degree 13. There- 
fore y<i3 = J. So we are done, since 7<3 = 7<i3. 

We used the computer algebra system Singular, [30]. The employed machine took 
about 60 hours to compute the generators of 7<3, and about 15 hours to compute a 
Grobner basis of it up to degree 13. This means that probably is necessary to bound 
the degrees, if not the computation might not finish. At the contrary, the computation 
of 72(3,5) can be done without any restrictions: It is just a matter of seconds. 

3.2.4 The uniqueness of the shape relations 

Theorem 3.1.6 implies that some cubics lie in But are we sure that we cannot find 
some other higher degrees minimal relations with similar arguments? We recall that 
those cubics correspond to some bi-diagrams, namely the shape relations, which are 
irreducible representations of T,. The crucial properties we needed to prove that these 
bi-diagrams actually correspond to minimal generators of 7, have been that they are 
asymmetric diagrams of multiplicity one, whose only predecessor is symmetric. In 
this subsection we are going to prove that, but the shape relations and those of degree 
less than 3, there are no other bi-diagrams of 7J satisfying these properties. In a certain 
sense, this implies that the bi-diagrams that are minimal irreducible representations of 
Jt for reasons of shape are just in degree 2 and 3. So the question is: Are there any 
other minimal irreducible representations of Jt for reasons of multiplicity! 

To our purpose we introduce some notation and some easy facts. For the next 
lemma let us work just with V. Let A = (Ai, . . . , A^^) be a partition. Pieri's formula (The- 
orem D.2.11) implies that a diagram L^V is an irreducible GL(y)-subrepresentation 
of 0'' /\'V if and only if |A| = td and k < d. As in the case of bi-diagrams we 
say that a partition X' h t(d — I) with at most d — I parts is a predecessor of X if 
A' C A C X'{d). Moreover we define the difference sequence AA := (AAi , . . . , AA^^) 
where AA, := A,- — A,+i, setting Aj^+i = 0. Notice that in order to get a predecessor 
of A we can remove q boxes from its ;th row only if AA, > q. Moreover notice that 
AAi + ... + ^Xk = Ai > f. 
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Lemma 3.2.9. Let X = {X\,. . . td be a partition such that LxV (1 /\' V, with 

d > I. Then X has a unique predecessor if and only if either X\ = . . . = Xk (X is a 
rectangle) or there exist i such that Xi — ... — Xi> Xi+\ — . . . — X^ and k = d (X is a 
fat hook). 

Proof. If A is a rectangle its difference sequence is 

AX = ( 0,0, ■ ■ .,0 ,^1). 

i — 1 times 

This means that the only way to remove t boxes from different columns of X is to do it 
from its last row. Therefore X has a unique predecessor, namely 

X' = ( Ai , Ai . . , Xi^ , Xi — r). 

i — 1 times 

If A is a fat hook, instead, its difference sequence is 

AA = ( 0,0, . ..,0 ,Ai -Xk, 0,0, . .., q ,Xk). 

i — 1 times k—i — I times 

Since k = d, to get a predecessor of A we must remove completely the last row. So the 
only nonzero entry which remains is AA,. Therefore the only predecessor of A is 

A' = ( Ai , Ai . . , Ai^ , Ai + A^. — t, Xi;,Xk,^ . .,Xk ). 

i — 1 times k—i—\ times 



For the converse, first suppose that k<d. Then in order to get a predecessor of A we 
have not to care about removing the last row. Moreover, in this case, AAj + . . . + AA^; = 
Ai > t. This implies that if two of the AA,'s were bigger than 0, more than one choice 
would be possible: So A would have more than one predecessor So there must be just 
one / such that AA,- > 0. In other words, A has to be a rectangle. 

Now suppose k = d. In this case we must remove the ^th row. If Xk = t, then A will 
be a rectangle. So we can assume that Xk < t (consequently Ai > t). This means that 
after removing the last row we can remove freely t — Xk boxes from the other Because 
AAi + . . . + AXk^i = Ai — A^. > f — Ai, the choice of removing some boxes to get a 
predecessor will be unique only if just one among the AA, is bigger than 0. This means 
that A has to be a fat hook. □ 

Corollary 3.2.10. Given a partition X = (Aj , . . . , A^.) h fc/ (with d >2), the irreducible 
GL{y)-representation L^V appears with multiplicity one in /\'V if and only if X 
has only one predecessor which either is (t), or, in turn, has only one predecessor 
These facts are equivalent to the fact that X is a diagram of the following list: 

1. a rectangle with one row (k ~ I); 

2. a rectangle with d — I rows; 

3. a rectangle with d rows; 

4. a fat hook of the type Ai > At = . . . = A^; with k ~ d; 

5. a fat hook of the type Ai = . . . = X/^^i > X^ with k ~ d; 

Proof. By Pieri's formula (Theorem D.2.11), L^V has multiplicity one in (^'^ /\'V 
if and only if A has only a predecessor A' such that LiiV has multiplicity one in 
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1 y 'pjj^g (.^jj aj-gug i^y induction on d. For d = 2, the only predecessor 
of A is A' = (f ), and V = A' ^ has obviously multiplicity one in /\' V. For d > 2, 
the A's appearing in the list of the statement have just one predecessor by Lemma 3.2.9. 
Furthermore, it is easy to check that if A is a partition in the list, its unique predecessor 
A' is in the list as well as A (of course we mean with d replaced hy d — I). So L^iV 
has multiplicity one in <^''^ ' A' ^ by induction. To see that there are no other A but 
those in the list, we have to check that: If a partition A is not in the list and has only 
one predecessor A', then A' has more than one predecessor This is easily checkable 
using Lemma 3.2.9. □ 

Now we are ready to prove the announced fact that the only minimal relations for 
reasons of shape are in degree 2 and 3. 

Proposition 3.2.11. Let (7|A) be an asymmetric bi-diagram such that LyW <^ L^V* 
appears in Tj with multiplicity one and such that its only predecessor is symmetric. 
Then d ~ 2 or d = 3 and {y\?u) is a shape relation. 

Proof. Since (yjA ) is an irreducible G-subrepresentation of Tj, we have | yj = | A | ^td. 
For the proof we have to reason by cases. Set: 

Ai := {a li-admissible : a is a rectangle with 1 row} 

A2 := {a li-admissible : a is a rectangle with li — 1 rows} 

A3 := {a c/-admissible : a is a rectangle with d rows} 

A4 := {a t/-admissible : a is a fat hook of the type Ai > A2 = . . . = A^ with k = d} 

A5 := {a c/-admissible : a is a fat hook of the type Xi = ... = X^-i > A/, with k = d} 

Since (7|A) has multiplicity one, by Corollary 3.2.10 there exist /,y such that ye A, 
and A G A^. Denote by (/|A') the only predecessor of (7|A). We can assume that c/ > 3. 

1. reAi. 

(a) If A e Ai then (7|A) would not be asymmetric; 

(b) If A e A2 then (/[A') would not be symmetric; 

(c) If A € A3 then (/|A') would not be symmetric; 

(d) If A € A4 then (/|A') would not be symmetric; 

(e) If A e A5 then (/[A') would not be symmetric; 

2. reAj. 

(a) If A e A2 then (7|A) would not be asymmetric; 

(b) If A e A3 then (/|A') would not be symmetric; 

(c) If A G A4 and if t/ > 4 then (/lA') would not be symmetric. If = 3 then 
actually (yjA) is a shape relation; 

(d) If A e A5 then (/I A') would not be symmetric (yj > A(); 

3. re A3. 

(a) If A € A3 then (yjA) would not be asymmetric; 

(b) If A G A4 then (/jA') would not be symmetric = f > A^); 

(c) If A e A5 then (/[A') would not be symmetric (yj = f < A(); 



4. 7eA4. 
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(a) If A € A4 then, since has to be symmetric, (7|A) would have to be 
symmetric as well; 

(b) If A G A5 and d >4, then (/j/l') would not be symmetric; if d — 3, then 
(7IA) is a shape relation. 

5. r^As. 

(a) If A e A5 then, since has to be symmetric, (7|A) would have to be 
symmetric as well. 



3.3 The initial algebra and the algebra of U -invariants 

of A, 



In this section we will exhibit a system of generators for: (i). The initial algebra of Aj 
with respect to a diagonal term order (ii). The subalgebra of U -invariants of A, . In gen- 
eral both the initial algebra and the ring of invariants of a finitely generated k-algebra 
might be not finitely generated. We will prove that the two k-algebras considered above 
are finitely generated, but especially we will give a finite system of generators of them. 

3.3.1 A finite Sagbi basis of Af 

In [17, Theorem 3.10], Bruns and Conca described a Grobner basis, with respect to any 
diagonal term order, for every powers of the determinantal ideals This allows us to 
describe when a monomial of R ~ k[X] belongs to in(A^/). In fact, we have 



Lemma 3.3.1. A monomial M £ R belongs to in(A,)^; if and only if M ~ Mi- - -M/^ 
where the Mq 's are monomials ofR such that 

1. For any q — I,. . . ,k the monomial Mq is the initial term of an r^-minor 

2. The partition (ri , r2, . . . , is d-admissible. 

Although in [17, Theorem 3.11] the authors showed that in(A,) is a finitely gener- 
ated k-algebra, they could not specify a finite Sagbi basis of A, (see [19, Remark 7.11 
(b)]). Actually they could not even give an upper bound for the degree of a minimal 
generator of in(A(). We will be able to do it. To this aim, first, we need some notions 
about partitions of integers (to delve more into such an argument see the sixth chapter 
of the book of Sturmfels [101]). 

A partition identity is any identity of the form 



where ai^bj > 1 are integers. Fixed a positive integer q we will say that (3.9) is a 
partition identity with entries in [q] if furthermore ai,bj < q. The partition identity 
(3.9) is called primitive if there is no proper subidentity 



□ 



in(A,) = 0in(/;'n7;,,,). 



ai + a2 + ■ ■ . + aii = bi + b2 + . . . + bi 



(3.9) 



flii + a;2 + • • • + 
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with r + s < k + l. We say that the partition identity 3.9 is homogeneous if k ~ I. It is 
homogeneous primitive if there is no proper subidentity 

fl,-, + fl,2 + . . . + fl;,. = bj^ +bj^_ + ...+ bj^. 

with r <k. 

Theorem 3.3.2. Let d denote the maximum degree of a minimal generator lying in 
in(A,). Then d <m — \. Furthermore d < m — 2 if and only ifGCD{}n — 1) = 1. 

Proof. Let M :~ Mi - ■ -Mi^ be a product of initial terms of minors, say M, := in(5,) 
where 5; is an m,-minor of X. Let td be the degree of M, so that ^^^j m, = td. 

Uk<d the monomial M cannot be a minimal generator of A,: In fact, since nii > t, 

Mi=m{8[)-m{5{'), 

where d[ is an mi — f -minor and 5" is a f -minor. Since k <d—l, the monomial 

M' ■.^m{8[)-M2---Mk 

belongs to m{At)ci-i by Lemma 3.3. L Moreover in (5") obviously belongs to in(A,)i. 
Thus, as M = M' • in(5j"), it is not a minimal generator. 

So we can assume that k ~ d. This means that we have a homogeneous partition 
identity with entries in [m] of the kind 

mi+m2 + . . .+mtl = f +f + f . 

(/ times 

If > m then the above is not a homogeneous primitive partition identity by [101, 
Theorem 6.4]. Therefore there is a subset S C [d] such that 

Y.mi^\S\-t, 

ies 

and as a consequence 

£ mi^{d-\S\)-t. 

ie[d]\S 

Therefore by Lemma 3.3.1 M' := HigsM- e in(A,)|s| andM" l\ie[d]\sMi ^ 
so that M ~M' ■ M" is not a minimal generator of in(A). 

For the second part of the statement, arguing as in the proof of [ ID ! , Theorem 6.4] 
one can deduce that the only possible homogeneous primitive partition identity with 
entries in [m] of the kind 

Ai +X2 + ... + X,„-\ = f + f +^... + f 
m-i times 

is the following one: 

1 + 1 + . . . + 1 + m + m + ■ ■ ■ + m = f + f +^. . . + f . 
m-r times r- 1 times m- 1 times 

The above is not a homogeneous primitive partition identiy if and only if there exist 
two natural numbers, p <m — t and q<t—l, such that q{m — t) =p{t—l) and p + q < 
m-1. Thisispossibleif andonly if GCD(m-f,r- 1) =GCD(m- l,f- 1) > 1. □ 
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Corollary 3.3.3. A finite Sagbi basis of At is formed by the product of minors belonging 
to it and of degree at most m — 1. 

Remark 3.3.4. An upper bound for the degree of the minimal generators of 7, might 
be gotten by studying the defining ideal of the initial algebra of A,. The minimal 
generators of such an ideal are binomials, so it could be not impossible to find them. 
Although there is no hope that this ideal is generated in degree at most 3, there is a 
hope to obtain, in this way, an upper bound linear in m (the one we got in Corollary 
3.2.7 is quadratic in m). Furthermore passing through the initial algebra would save 
us from using representation theory, so the results would hold in any not exceptional 
characteristic (char(Ik) = or char(k) > min{f,m — f}). In this direction we can prove 
that the ideal defining the initial algebra of A2(3,n) is generated in degree 2, 3 and 
4. However we will not include this result in the thesis, since its proof is boring and 
it would extend too weakly (with respect to the effort we would do proving it) our 
knowledge about the relations. 

3.3.2 A finite system of generators for A]' 

Techniques similar to those used in the previous subsection can be also used to exhibit 
a finite system of generators for an important subalgebra of A,. Let t/_ iW) be the sub- 
group of the lower triangular matrices of GL(IV) with I's on the diagonal and U+iV) 
be the subgroup of the upper triangular matrices of GL(y) with I's on the diagonal. 
Then, set 

U ■.^U-{W)-xU+{V)<ZG. 

The group U plays an important role: In fact one can show that a polynomial f G R 
is tZ-invariant if and only if it belongs to the k-vector space generated by the highest 
bi-weight vectors with respect to B (for the definition of highest bi-weight vector and 
of B see D.3, for the proof of the above fact see [15, Proposition 11.22]). Therefore, 
we have a description for the ring of f/-invariants of A,, namely 

Af = k© < [c;l |c;l] : A is an admissible partition > . 

In this subsection we will find a finite set of "basic invariants" of A,, that is a finite 
system of k-algebra generators of A^ . In other words, we will solve what is known as 
the first main problem of invariant theory in the case of A^ . 

Theorem 3.3.5. The ring of invariants A^ is generated by the product of initial minors 
[ci\cx] where X is an admissible partition with at most m — 1 parts. Furthermore is 
generated up to degree m. 

Proof. Let A be the subalgebra of A^ generated by \cx \c%\ where A is an admissible 
partition with at most m — 1 parts. We have to prove that actually A = A^ . 

Thus let A = (Ai , . . . , be an admissible partition with k > m such that, by contra- 
diction, [cx \cx] does not belong to A. Furthermore assume that among such partitions 
A is minimal with respect to k. First, let us suppose that |A | ^kt. Then, as in the proof 
of Theorem 3.3.2, the following 

Ai + A2 + . . . + Aa- = f + f +^... + f 
k times 

is not a homogeneous primitive partition identity by [101, Theorem 6.4]. Therefore 
there is a subset S C [k] such that J^ies^i ~ I'^l ' ^ ™d Y.ie[k\\s^i = ^ I'^l) ' ^ ■ 
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As := {Xi : i G S) and X^k]\s (■^i ■ ' G [k] \ S). These are both admissible partitions so 
[ajaj and [Qi^i^^i I^i^i^J are elements of A. We claim that 

In fact [qJq ] • [q, , Iq ] is obviously f/-invariant. Moreover it has bi-weight 

i i [k\\S [l^WS 

( (' Ai , . . . , ' A,,,, ) I (-'■^n > • • • ) -'■^1 ) ) ' SO it is actually [c^ \ci]. 

It remains the case in which |A| = dt with d > k. Notice that we can assume 
that A, 7^ t for all ; = 1, . . .,k: Otherwise, putting A' := (A^ : j ^ /), we would have 
[cA k^] [cA'kA'] ■ [12 1 12]. We have the partition identity with entries in [m] 

Ai +A2 + ...AA, = f + f + f ■ 

d times 

Set s := max{; ; A, > f }. We can consider the partition identity with entries in [m] 

81 + 82 + . .. + 5s = 4+1 + 4+2 + ... + 8d (3.10) 

where 8j :~ |A, — 1\ for / < k and 5, = t for k < i <d. We claim that the above partition 
identity is primitive. By the contrary, suppose that there exist {ii,...,ip} C [s] and 
{yi J ■ • • Jq} ^ {s+l,...,d} with p + q < d such that 

4. +8,, + ... + 8,,, = 8j, +8j, + ... + 8j^ . 

Therefore if {uu...,Us-p} = [s] \ {/i,...,;p} and {vi, ■ . . ,Vd-.,-c} ^ {s + 1, . . . ,d}\ 
{Ju---Jci} we also have 

4, +8,12 + ■■■ + ^"s-p = ^v, + 4'2 + • ■ ■ + 4',,_,_, • 

Setting r : = maxja : j„ < k} and / := max{b : v/, < } we get 

A,-, +A,-3 + ... + A,-p + Ay, + ... + A^v = f + f +^... + f 

times 

and 

A„i + A„2 + . . . + A„,_„ + Av, + . . . + A,,, = f + r + ... + ? ■ 

d-p-q times 

Let a := (A,-, , . . . ,A,p, A,-; , . . . ,A^J and j3 := (A,,; , . . . ,A„^_p,A„i , . . . ,A,.,) be the respec- 
tive two partitions. Since p + r < p + q and s — p + l < d — p — q both a and j3 are 
admissible partitions. So, as above [cx \ci] = [ca \ca] ■ [cp \cfj] belongs to A, which is a 
contradiction. Therefore the partition (3.10) must be primitive. So, using [101, Corol- 
lary 6.2] we get, d <m — t + t ^ m, and therefore k <m—\. □ 

As a consequence of Theorem 3.3.5 we have an upper bound on the maximum 
degree of a generator of any prime ideal of A, which is a G-subrepresentation, for short 
a G-stable prime ideal. 

Corollary 3.3.6. A G-stable prime ideal of At (m, n) is generated in degree less than or 
equal to m. 

Proof. Suppose to have a minimal generator of degree greater than m in a G-stable 
prime ideal p C A,. Since ^ is a G-subrepresentation of At, than we can suppose that 
such an element is of the type [c;^|c;l] with |A| > mt. By Theorem 3.3.5 there exist 
two admissible partitions yand 8 such that |7|, |5| < |A| and [cyjc^,] • [cgjcg] = [c;)_|cj^,]. 
Since [cx \cx\ is a minimal generator, this contradicts the primeness of p. □ 



Chapter 4 

Symbolic powers and Matroids 



This chapter is shaped on our paper [105]. It is easy to show that, if S := Ik[xi , . . . 
is a polynomial ring in n variables over a field k and / is a complete intersection ideal, 
then S/l'^ is Cohen-Macaulay for all positive integer k. A result of Cowsik and Nori, 
see [27], implies that the converse holds true, provided the ideal is homogeneous and 
radical. Therefore, somehow the above result says that there are no ideals with this 
property but the trivial ones. On the other hand, if S/l'^ is Cohen-Macaulay, then has 
not any embedded prime ideals, so by definition it is equal to the ^h symbolic power 
of /, namely 7*^ = z''^' (see E.l). So, it is natural to ask: 

For which I Q S is the ring S/I^'''^ Cohen-Macaulay for any positive integer k? 

We will give a complete answer to the above question in the case in which I is 
a square-free monomial ideal. Notice that when n = 4- this problem was studied by 
Francisco in [41]. These kind of ideals, whose basic properties are summarized in E, 
supply a bridge between combinatorics and commutative algebra, given by attaching 
to any simplicial complex A on n vertices the so-called Stanley-Re isner ideal /a and 
Stanley-Reisner ring k[A] = S/Ia- One of the most interesting parts of this theory is 
finding relationships between combinatorial or topological properties of A and ring- 
theoretic ones of Ik[A]. For instance, Reisner gave a topological characterization of 
those simplicial compexes A for which k [A] is Cohen-Macaulay (for example see Miller 
and Sturmfels [ ! , Theorem 5.53]). Such a characterization depends on certain singular 
homology groups with coefficients in k of topological spaces related to A. In fact, 
the Cohen-Macaulayness of A may depend on char(k). At the contrary, a wide open 
problem is, once fixed the characteristic, to characterize in a purely graph-theoretic 
fashion those graphs G for which k[A(G)] is Cohen-Macaulay, where A(G) denotes the 
independence complex of G. For partial results around this problem see, for instance, 
Herzog and Hibi [59], Herzog, Hibi and Zheng [62], Kummini [70] and our paper joint 
with Constantinescu [25]. Thus, in general, even if a topological characterization of the 
"Cohen-Macaulay simplicial complex" is known, a purely combinatorial one is still a 
mystery. In this chapter we are going to give a combinatorial characterization of those 

(k) 

simplicial complexes A such that S/I^ is Cohen-Macaulay for all positive integer k. 
The characterization is quite amazing, in fact the combinatorial counter-party of the 
algebraic one "5//^*^^ Cohen-Macaulay" is a well studied class of simplicial complexes, 
whose interest comes besides this result. Precisely we will show in Theorem 4.1.1: 

The ring S/lf'' is Cohen-Macaulay for all k > A is a matroid. 
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Matroids have been introduced as an abstraction of the concept of linear indepen- 
dence. We briefly discuss some basic properties of them in Section E.2, however there 
are entire books treating this subject, such as that of Oxley [88] or the one of Welsh 
[106]. It must be said that Theorem 4.1.1 has been proved independently and with 
different methods by Minh and Trung in [84, Theorem 3.5]. 

Actually, we will show a more general version of Theorem 4.1.1 described above, 
namely Theorem 4.1.6, regarding a class of monomial ideals more general than the 
square-free ones. Let us say that this generalization appears for the first time, since it 
was not present in our original paper [105]. As a first tool for our proof, we need a 
duality for matroids (see Theorem E.2. 2), which will allow us to switch the problem 
from /a to the cover ideal 7(A). The if-part of the proof, at this point, is based on the 
investigation of the symbolic fiber cone of 7(A), the so-called algebra of basic covers 
A(A) (more generally A(A, O)), where o is a weighted function on the facets of A). 
Such an algebra was introduced by Herzog during the summer school Pragmatic 2008, 
in Catania. Among other things, he asked for its dimension. Since then, even if a 
complete answer is not yet known, some progresses have been done: In our paper [25], 
a combinatorial characterization of the dimension of A (A) is given for one-dimensional 
simplicial complexes A. Here we will show that dim(A(A)) is minimal whenever A 
is a matroid. To this purpose an exchange property for matroids, namely (E.4), is 
fundamental. Eventually, Proposition 4.1.7 implies the if-part of Theorem 4.1.1. 

In [105], we actually showed that dim(A) is minimal exactly when A is a matroid, 
getting also the only-ifpart of Theorem 4.1.1. Here, however, we decided to prove this 
part in an other way. Namely, we study the associated primes of the polarization of 7^ 
(Corollary 4.1.11), showing that if A is not a matroid, then there is a lack of connect- 
edness of certain ideals related to A, obstructing their Cohen-Macaulayness (Theorem 
4.1.12). In particular, this will imply that if S/f^ dim(A)+2 Cohen-Macaulay, then A 
has to be a matroid, a stronger statement than the only-if part of Theorem 4.1.1. 

It turns out that Theorem 4.1.1 has some interesting consequences. For instance, 
in Corollary 4.2.1 we deduce that dim(A(A)) = k[A] if and only if A is a matroid, and 
that, in this situation, the "multiplicity of A (A)" is bounded above from the multiplic- 
ity of k[A] (here the commas are due to the fact that, in general, A (A) is not standard 
graded). An other consequence regards the problem of set-theoretic complete inter- 
sections (Corollary 4.2.4): After localizing at the maximal irrelevant ideal, /a is a 
set-theoretic complete intersection whenever A is a matroid. 

4.1 Towards the proof of the main result 

In this section we prove the main theorem of the chapter For the notation and the 
definitions of the basic objects we remind to Appendix E. In particular, k will denote 
a field, 5 := k[ji:i , . . . ,jc„] will be the polynomial ring in n variables over k, and m := 
(xi , . . . ,x„) C 5 will denote the maximal irrelevant ideal of S. 

Theorem 4.1.1. Let be a simplicial complex on [«]. The following are equivalent: 

(i) 5/7^*' is Cohen-Macaulay for any k £ N>i. 

(ii) 5/7(A)('^' is Cohen-Macaulay for any k G N>i. 
( Hi) A is a matroid. 

Remark 4.1.2. Notice that condition (iii) of Theorem 4.1.1 does not depend on the 
characteristic of k. Thus, as a consequence of Theorem 4.1.1, conditions (i) and (ii) do 
not depend on char(k) as well as (iii). This fact was not clear a priori. 
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Remark 4.1.3. If A is the m-skeleton of the (« — l)-simplex, —1 < m < « — 1, then A 
is a matroid. So Theorem 4.1.1 implies that all the symbolic powers of /a are Cohen- 
Macaulay. 

Actually, we will prove a slightly more general version of Theorem 4.1.1, since this 
does not require much more effort. More precisely, we will show Theorem 4.1.1 for a 
larger class of pure monomial ideals than the pure square-free ones. We are going to 
introduce them below: For a simplicial complex A on [«], a function 

a):.^{A) N\{0} 
F cof 

is called weighted function (this concept has been introduced by Herzog, Hibi and 
Trung in [6 1 ]). Moreover, the pair (A, co) is called a weighted simplicial complex. The 
authors of [bi] studied the properties of the weighted monomial ideal 

y(A,a)):= U Pf"- 

If o is the canonical weighted function, that is Of = 1 for any F E =^(A), it turns out 
than y(A, co) = J{A) is nothing but than the cover ideal of A. In particular the class 
of all the weighted monomial ideals contains the square-free ones. The class we want 
to define stays between the pure square-free monomial ideals and the weighted pure 
monomial ideals. We say that a weighted function o is a good-weighted function if it 
is induced by a weight on the variables, namely if there exists a function A : [n] — > R>o 
such that (0 = (O^, where 

In this case the pair (A, (o) will be called a good-weighted simplicial complex and the 
ideal 7(A, o) a good-weighted monomial ideal. 

Remark 4.1.4. If / C 5 is a pure square-free monomial ideal, then it is a good-weighted 
monomial ideal. In fact, we have that / = 7(A) for some pure simplicial complex 
A. Let c/ — 1 be the dimension of A. Then, because A is pure, \F\^ d for all facets 
F e ^(A). Defining the function A : [«] -J> E>o as X{i) := l/J for any / g N, we 
have that the canonical weighted function is induced by X, and so 7(A) = 7(A, 03^) is 
a good-weighted monomial ideal. 

The assumption that / is pure, in Remark 4.1.4, is necessary, as we are going to 
show in the next example. 

Example 4.1.5. Let A be the simplicial complex on { 1 , . . . , 5} such that 

^(A) = {{1,2},{1,3},{1,4},{3,4},{2,3,5}}. 

If the canonical weighted function on A were induced by some weight X on the vari- 
ables, then we should have A(l) = A(2) = A(3) = A(4) = 1/2. This, since {2,3,5} S 
^(A), would imply A (5) =0, a contradiction. 

We will prove the following theorem which, as we are going to show just below, 
implies Theorem 4. 1 . 1 . 

Theorem 4.1.6. Let J = 7(A, co) C S be a good-weighted monomial ideal. Then S/J^^^ 
is Cohen-Macaulay for any k € N>i if and only if A is a matroid. 
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Proof, (of Theorem 4. 1.1 from Theorem 4. 1.6). (ii) (iii). Since 5//(A) is Cohen- 
Macaulay, A has to be pure. Therefore y(A) is good-weighted by Remark 4.1.4, and 
Theorem 4. 1 .6 implies that A is a matroid. 

(iii) (ii). A is pure because it is a matroid (see E.2). Thus 7(A) is good- 

weighted by Remark 4. 1 .4, and Theorem 4. 1 .6 yields that 5/7 (A) is Cohen-Macaulay 
foralUeN>i. 

(i) (ii). By Theorem E.2. 2 a simplicial complex A is a matroid if and only if 

A"^ is a matroid. Since /a — 7(A'') and I/^c = 7(A), the equivalence between (ii) and (iii) 
yields the equivalence between (i) and (ii). □ 

4.1.1 The algebra of basic ^-covers and its dimension 

In Appendix E we introduced the concept of vertex cover of a simplicial complex, 
emphasizing how it lends the name to the cover ideal. The concept of vertex cover 
can be extended in the right way to a weighted simplicial complex as follows: For all 
natural number k, a nonzero function a : [n] ^ N is a k-cover of a weighted simplicial 
complex (A, (o) on [«] if 

^a(/)>ytcoF VFe^(A). 

If CO is the canonical weighted function, i.e. if (A, (o) is an ordinary simplicial com- 
plex, then vertex covers are in one-to-one correspondence with 1 -covers with entries in 
{0, 1}. Moreover, it is easy to show 

7(A, 0)) = (xj '• • -x,, ' : a IS a 1-cover). 

Actually ^-covers come in handy to describe a set of generators of all the k&i symbolic 
powers of 7(A, ©). In fact, by (E.3), we get 

7(A,to)('^)= n Pf'- 

f G.i^(A) 

Therefore, as before, one can show 

7(A, 0)) * ' = (xj ■■■Xn : a IS a fc-cover) . 

A A:-cover a of (A, o) is said to be basic if for any ^-cover j3 of (A, ft)) with j3 (/) < a(i) 
for any / G [«], we have j3 = a. Of course to the basic ^-covers of (A, co) corresponds 
a minimal system of generators of 7(A, O))'*^'. 

Now let us consider the multiplicative filtration S^ymbijs., ft)) := {7(A, ft))''*^'}A-GN>o 
(for any ideal 7 in a ring R, we set 7^*^' \~ = R). We can form the Rees algebra of S 
with respect to the filtration S^ymb{A, ft)), namely 

A(A,ft)):=07(A,ft))W. 

k€N 

Actually A(A, ft)) is nothing but than the symbolic Rees algebra of 7(A,ft)). In [61, 
Theorem 3.2], Herzog, Hibi and Trung proved that A(A, ft)) is noetherian. In particular, 
the associated graded ring of S with respect to ■yymb{A, ft)) 

G(A, CO) := 07(A, ftj) « /7(A, cof+^^ 
ken 
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and the special fiber 

A{A,(o) :=A(A,co)/mA(A,co) = G(A,a))/mG(A,co) 

are noetherian too. The algebra A (A, o) is known as the vertex cover algebra of (A, o), 
and its properties have been intensively studied in [61]. The name comes from the fact 
that, writing 

A(A,a)) = 0/(A,a))<^''-f^'C5[f] 

keN 

and denoting by A(A, co)k = J{A, to)'^' • f^', it turns out that, for A: > 1, a (infinite) basis 
for A (A, 0))^; as a k-vector space is 

r a(l) a(n) ■ , r / \ \^ 

{xj ■■■x„ • r : a IS a fc-cover of (A, co)\. 

The algebra A (A, ft)) is more subtle to study with respect to the vertex cover algebra: 
For instance it is not evan clear which is its dimension. It is called the algebra of basic 
covers of (A, (o), and its properties have been studied for the first time by the author 
with Benedetti and Constantinescu in [6] when A is a bipartite graph. More generally, 
in [25], we studied it for any 1-dimensional simplicial complex A. Clearly, the grading 
defined above on A (A, co) induces a grading on A (A, (o), and it turns out that a basis for 
A(A, (o)ic, for A: > 1, as a k-vector space is 

{jc"''' • • • jc"'"' • f'^ : a is a basic A-cover of (A, Co)}. 

Notice that if a is a basic A-cover of (A, O)), then a{i) < Xk for any / S [«], where 
X := maxjOf : F € ^(A)}. This implies that A(A, (0)1^ is a finite k-vector space for 
any kEN. So we can speak about the Hilbert function of A(A, co), denoted by HF^^^ ^-^ , 
and from what said above we have, for A: > 1, 

^^A{A.a))i^) — |{basic A-covers of (A, (o)}\. 

The key to prove Theorem 4. 1 . 1 is to compute the dimension of A (A, O) ) . So we need a 
combinatorial description of dim (A (A, co)). Being in general non-standard graded, the 
algebra A (A, (o) could not have a Hilbert polynomial. However, by [6 1 , Corollary 2.2] 
we know that there exists heN such that (/(A, co)^'''>Y = J {A, co)^'''''> for all A > 1. It 
follows that the hth Veronese of the algebra of basic covers, namely 

A(A,a))W :=0A(A,co),,,, 

keN 

is a standard graded k-algebra. Notice that if a set {/i , . . . ,fq} generates A(A, co) as 
a k-algebra, then the set {/J' ■■■fq : < ii,...,iq < h—1} generates A(A,a)) as 
a A(A,C(j)('')-module. Thus dim(A(A,a))) = dim(A(A,co)W). Since A(A,co)W has a 
Hilbert polynomial, we get a useful criterion to compute the dimension of A{A,(o). 
First let us remind that, for two functions f,g:N-^M., the writing /(A) ~ 0{g{k)) 
means that there exists a positive real number X such that /(A) < X ■ g{k) for A 0. 
Similarly, /(A) = Q.{g{k)) if there is a positive real number X such that /(A) > X ■ g{k) 
for A > 

Criterion for detecting the dimension of A{A,CO). If^ HF^^^ ^^(A) = 0{¥^^^), then 
A\m{A{A,0}))<d. If HF^j^ „)(A) = n(A''-i), then dim(A(A, to)) >d. 

The following proposition justifies the introduction of A (A). It is an alternative 
version of a result got by Eisenbud and Huneke in [38]. 
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Proposition 4.1.7. For any simplicial complex A on [n] we have 

dim(A(A,C(j)) =«-min{depth(5/y(A,a))''^)) :/teN>i} 

Proof. Consider G(A, (o), the associated graded ring of S with respect to ,^ymb{l!i.^ (o). 
Since G(A, (o) is noetherian, it follows by Bruns and Vetter [15, Proposition 9.23] that 

min{depth(5/y(A,a))(*^') ;fcGN>i} =grade(mG(A,a))). 

We claim that G(A, co) is Cohen-Macaulay. In fact the Rees ring of S with respect to 
the filtration ,5^ynib{/!s., co), namely A(A, co), is Cohen-Macaulay by [u i , Theorem 4.2]. 
Let us denote by 2K m ©A(A, co)+ the unique bi-graded maximal ideal of A(A, co). 
The following short exact sequence 

— >A{A,co)+ — ^A(A,to) — >S — ^0 

yields the long exact sequence on local cohomology 

. . . ^ h!„,\S) H'^{A{A,co)+) H'^{A{A,co)) .... 

By the independence of the base in computing local cohomology modules (see Lemma 
0.2.2 (ii)) we have H'^^{S) = H'^ (S) ~ for any / < « by (0.8). Furthermore, using once 
again (0.8), H^{A{A,co)) = for any ; < n since A (A, to) is a Cohen-Macaulay (n+ 1)- 
dimensional (see Bruns and Herzog [13, Theorem 4.5.6]) ring. Thus //gjj(A(A, 0)+) = 
for any / < n by the above long exact sequence. Now let us look at the other short 
exact sequence 

— ^A(A,ffl)+(l) — >A{A,co) — ^G(A,co) — ^0, 

where A (A, ft))+(l) means A (A, co)+ with the degrees shifted by 1, and the correspond- 
ing long exact sequence on local cohomology 

. . . ^ //^ (A (A, to) ) ^ //^ (G(A, 0)) ) ^ //^' (A (A, «)+ ( 1 ) ) ^ . . . . 

Because A(A,a))+ and A(A,a))+(l) are isomorphic A (A, CO ) -module, we have that 
i/^(A(A,to)+(l)) = for any / < «. Thus H^{G{A,co)) = for any / < n. Since 
G(A, to) is an «-dimensional ring (see [I 3, Theorem 4.5.6]) this implies, using once 
again Lemma 0.2.2 (ii) and (0.8), that G(A, co) is Cohen-Macaulay. 

Since G(A, co) is Cohen-Macaulay, grade(mG(A, to)) = ht(mG(A, to)) (for instance 
see Matsumura [80, Theorem 17.4]). So, because A (A, to) = G(A, to)/mG(A, to), we 
get 

dim(A(A, to)) = dim(G(A, to)) - ht(mG(A, to)) = « - grade(mG(A, to)), 
and the statement follows at once. □ 

4.1.2 If-part of Theorem 4.1.6 

In this subsection we show the if-part of Theorem 4. 1 .6, namely; If A is a matroid, then 
S/J(A, to)^*^' is Cohen-Macaulay for each good-weighted function CO on A. To this aim 
we need the following lemma, which can be interpreted as a sort of rigidity property of 
the basic covers of a good-weighted matroid. 
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Lemma 4.1.8. Let A be a matroid on [«], O) a good-weighted function on it and k a 
positive integer. Let us fix a facet F £ ^(A), and let CC : F ^ N be a function such that 
Y.ieF O!(0 = kcop- Then there exists an unique way to extend a to a basic k-cover of 
{A, CO). 

Proof. That such an extension exists is easy to prove, and to get it we do not even need 
that A is a matroid nor that O) is a good-weighted function. Set a' : [«]—?> N the nonzero 
function such that a' \f= a and «'(/) := Mk if / e [n] \ F, where M := max{a)f ; F e 
J^(A)}. Certainly a' will be a A:-cover of (A, (o). If it is not basic, then there exists a 
vertex / G [n] such that Y^jeG^'U) > for any G containing ;. Thus we can lower 
the value a'{i) of one, getting a new A:-cover Such a new fc-coveris still an extension 
of a, since obviously / ^ F. Going on in such a way we will eventually find a basic 
A;-cover extending a. 

The uniqueness, instead, is a peculiarity of matroids. Let /q G [«] be a vertex which 
does not belong to F, and let us denote by a' a basic ^-cover of (A, to) extending a. 
Since a' is basic, there must exist a facet G of A such that ;o G G and Y.ieG ^' (0 — kcoc. 
By the exchange property for matroids (E.4), there exists a vertex y'o G F such that 

G':=(G\{/o})UOo}e^(A) and (F\ {yo}) U {/o} G .^(A). 

So, denoting by X the weight on the variables inducing a', we have 

52 a'{i)>k(Oa = ^Hi): 

ieG' ieG' 

which yields a' (jo) —kX{jo) > a(/o) —kX{io), and 

I a'{j)>k(OF,^ 1^(7), 
jeF' jeF' 

which yields a' [jo) — kX {jo) < o:(;o) — kX{iQ). Therefore there is only one possible 
value to assign to jo, namely: 

a' (jo) = aiio)-kX{iQ) + kX{jo). 

□ 

Now we are ready to prove the if -part of Theorem 4. 1 .6. 

Proof. If-part of Theorem 4.L6. Let us consider a basic A:-cover a of our good- 
weighted matroid (A, o). Since a is basic there is a facet F of A such that L;gf OL{j) = 
k(OF. Set d := \F\. By Lemma 4.L8 we deduce that the values assumed by a on [n] 
are completely determined by those on F . Furthermore, the ways to give values on the 
vertices of F in such a manner that Y.ieF (^{') = kcop, are exactly: 

/ kcop + d-l 
V d-l 

which is a polynomial in k of degree d — I. This implies that, for ^ > 1, 
HFi(A,«)(fc) = |{basic fc-covers of (A,co)}| < |,^(A)| • 

where M := maxjo/r : F £ ^(A)}. Since |J^(A)| does not depend on h, we get 

HF^(A.co)ik)^0{k'-'). 



kM + d- 1 
d- 1 
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So dim(A(A, 0))) < d ^ dim(A) + 1 (the last equality is because A is pure, see E.2). 
Since dim(5'/y(A)) = n — c/, by Proposition 4. 1.7 we get 

d > dim(A(A,a))) = n -min{depth(5//(A,co)(*') ■.keN>i}>d, 

from which 5/7 (A, CO )('^' is Cohen-Macaulay for any ^ G N> i . □ 

Remark 4.1.9. If A is a matroid on [n], may exist a weighted function O) of A such that 
5/7 (A, o)'*^' is Cohen-Macaulay for all k € N>i and o is not good. For instance, con- 
sider the complete graph A = /C^ on 4 vertices, which clearly is a matroid. Furthermore 
consider the following ideal: 

J{K4.,(i)) := (xi,A:2)^n (jci,A:3)n (xi,X4) n (x2,X3) n {x2,X4) n (x3,X4). 

The corresponding weighted function is clearly not good, however one can show that 
S/J{K4,co)^''^ is Cohen-Macaulay for all k e N>i using the result of Francisco [41, 
Theorem 5.3 (iii)]. 

4.1.3 Only if-part of Theorem 4.1.6 

To this aim we need to describe the associated prime ideals of the polarization (see E.3) 
of a weighted monomial ideal J{A, co), namely 

J{A,(o) C S. 

Since polarization commutes with intersections (see (E.6)), we get: 

/(a;^)= n 

FG.^(A) 

Thus, to understand the associated prime ideals of 7(A, co) we can focus on the de- 
scription of Ass(^^''). So let us fix a subset F C [«] and a positive integer k. We 
have: 

C 5 = k[xij : / = 1, . . . ,n, = 1, . . .,k]. 

Being a monomial ideal, the associated prime ideals of Pp are ideals of variables. 
For this reason is convenient to introduce the following notation: For a subset G := 
. . . C [n] and a vector a := (ai, . . . C N^' with I <ai<k for any i=l,. . . ,d, 
we set 

Lemma 4.1.10. Let F := {ii, . . . C [«] and k be a positive integer. Then, a prime 

ideal p (~ S is associated to p^p if and only if p ^ pf a with |a| := ai + . . . + a^ < 
k + d-l. 

Proof. A minimal generator of pp is of the form 

bl b2 bj 

p=l p=l p=l 

where b:= {bi,.. .,bd) e N'' is such that |b| = k. Let us call C N'' the set of such 
vectors. An associated prime of pp is forced to be generated by d variables: In fact. 
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^ is Cohen-Macaulay of height d like ^ from Theorem E.3.4. Moreover, it is easy 
to check that a prime ideal of variables 

P {Xj^ 1 Xj2,C2 7 • • • 7 Xjd,Cd ) ^ '^7 

where c := (ci, . . . e [k]'^, is associated to ^ if and only if 

\/heBk3 pe[d] such that Xj^^cp\xF.b- (4.1) 

So, if we choose b := (0,0, . . . ,0,A:,0, . . . ,0), where the nonzero entry is at the place p, 
we get that ip is in {y'l , . . . Jd}- Letting vary p E [d], we eventually get {y'l J^} ~ F, 
i.e. p = pF,c- Moreover notice that 

Xip,ci,\xF,b ■^=^ Cp<bp. (4.2) 

Suppose by contradiction that |c| > + and set po min{/7 : Y!i=i Q > ^ + f } < d. 
Then choose b ;= {b\,... ,bd) G in this way: 

Cp - 1 if /? < po 

if p> Po 

Notice that the property of po implies that bpg < Cp^ . Moreover its minimality implies 
bpg > 0. Since bp < Cp forallp = 1,. . . it cannot exist any pE[d] such that ;v:,p,cp|x/r,b 

by (4.2). Therefore pF.c i Ass(p^) by (4.1). 

On the other hand, if c G ^ is such that |c| <k + d—\, then for all b G there 
exists p G \d\ such that Cp < bp, otherwise |b| < |c| — < ^ — 1. Therefore Xi^^cp\xF,h 

by (4.2) and Pf.c G Ass(^) by (4. 1). □ 

Corollary 4.1.11. Let A be a simplicial complex on [n] and ft) a weighted function on 

it. A prime ideal pQS is associated to 7(A, ftj) if and only if p — pF.a with F G =^(A) 
and |a| < COf + \F\-\. 

Proof Recall that /(A, ft)) = nFG,_^(A) ■ By (E.6), we have 
Therefore, by Lemma 4. 1 . 10, we get 



7(A,fi))= n n pF,. 

Fe-^(A) y|a|<(Bf + |F|-1 

Thus we conclude. □ 

Theorem 4.1.12. Let A be a simplicial complex on [n] and ft) a weighted function on 
it. Furthermore assume that COf >diin{A) +2 for all facet F of A. If S/J{A,CO) is 
Cohen-Macaulay, then A is a matroid. 
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Proof. Suppose, by contradiction, that A is not a matroid. Then there exist two facets 
F,G £ ^(A) and a vertex ; G F such that 

(F\{/})U{;}^^(A) V;GG. (4.3) 

Being S/J{A, co) Cohen-Macaulay, then A has to be pure. So, setting dim(A) := d — 1, 
we can assume: 

F = {i\,...,id}, G^{ju...,jd} and / = /i. 

Let us define: 

a := 1,1, !,...,!) eN'' and b := (2,2, . . . ,2) G N''. 

Notice that |a| = |b| = 2d. So, since by assumption cop and (Oc are at least d +1, 
Corollary 4.1.11 implies: 

pF,a, pG,b€ Ass(/(A,t(j)). 

Since S/J{A, co) is Cohen-Macaulay, S/J{A, co) has to be Cohen-Macaulay as well by 
Theorem E.3.4. So, the localization 

+Po,b 

is Cohen-Macaulay. Particularly it is connected in codimension 1 (see Proposition 
B.1.2). This translates into the existence of a sequence of prime ideals 

pF.a = P0, PU Ps^ pG,h 

such that pi e Ass(7(A, co)), pi C pp^ + Pc.b and ht(^; + p-i) < c/ + 1 for each 
index ; making sense (see Lemma B.0.7). In particular, ht{pf a + pi) < d +1. Since 

pi G Ass(y(A, co)) and it is contained in pf a + pc.h, there must exist p,q G [d] such 
that c = (fli ,fl2i ■ ■ ■ :Cip_i,bii,ap+i, . ..,aj) e W' and 

P\ — (^ii.ai , ^ip-iMp-i : ^jq.bcii -^^ip+Lap+i Xij.cid) = P{F\{ii,})U{j,,}.,c- 

But this is eventually a contradiction: In fact, if p = 1, then {F \ {/}) U {jg} would be a 
facet of A, a contradiction to (4.3). If p ^ l,then|c| =2d+l. This contradicts Lemma 

4.1.10, since pi = p(F\{/p})u{7,},c is associated to J{A, co). □ 

Eventually, Theorem 4. 1 . 12 implies the only-if part of Theorem 4. 1 .6. 

Proof. Only f-part of Theorem 4.1.6. Since COp is a positive integer for any facet 
F e ^(A), then (dim(A) + 2)a)F > dim(A) -t-2 for all facets F G ^(A). So, since 
S/J{A, a))('im(A)+2) Cohen-Macaulay, A has to be a matroid by Theorem 4.1.12. □ 

Remark 4.1.13. Actually Theorem 4.1.12 is much stronger than the only-if part of 
Theorem 4.1.6: In fact there are not any assumptions on the weighted function CO. 
Moreover, Theorem 4. 1 . 12 implies that it is enough that an opportune symbolic power 
of J {A, co) is Cohen-Macaulay to force A to be a matroid! 
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4.2 Two consequences 

We end the the chapter stating some applications of Theorem 4.1.6. We recall that 
we already introduced in Chapter 2 the concept of multiplicity of a standard graded 
k-algebra R, namely e{R), in terms of the Hilbert series of R. It is well known that 
e{R) can be also defined as the leading coefficient of the Hilbert polynomial times 
(dim(/?) - 1)!, see [13, Proposition 4.1.9]. Geometrically, let Proj/? C P^, i.e. R 
K[Xo,... ,Xn]/J for a homogeneous ideal J. The multiplicity e{R) counts the number 
of distinct points of Proj/? n H, where // is a generic linear subspace of of dimension 
— dim(Proj/?). Before stating the next result, let us say that for a simplicial complex 
A, if CO is the canonical weighted function, then we denote A (A, o) simply by A (A). 

Corollary 4.2.1. Let Abe a simplicial complex and O) a good-weighted function on it. 
Then A is a {d — I) -dimensional matroid if and only if: 

dim(A(A, co)) = dim(k[A]) = d. 



Moreover, if A is a matroid, then 

Proof. The first fact follows putting together Theorem 4. 1 .6 and Proposition 4.1.7. For 
the second fact, we have to recall that, during the proof of the if -part of Theorem 4.1.6, 
we showed that for a (c/— 1) -dimensional matroid A we have the inequality 

HF^(^)(^)<|^(A)|.(^^ + ^^^). 

It is well known that if A is a pure simplicial complex then |^(A)| = e(/ir[A]) (for 
instance see [13, Corollary 5.1.9]), so we get the conclusion. □ 



Example 4.2.2. If A is not a matroid the inequality of Corollary 4.2.1 may not be true. 
For instance, take A ;= C\q the decagon ( thus it is a l-ditnensional simplicial complex). 
Since C\o is a bipartite graph A(Cio) is a standard graded h-algebra by [(> I, Theorem 
5.1]. In particular it admits a Hilbert polynomial, and for A: 3> we have 

Txp /,N _ e(A{Clo)) ,dim(i(Cin))-l I r>(,,dim(A(Cin))-2N 

HFa(c.o)W- (dim(A(Cio))-l)! ^ ^ 

In [25] it is proved that for any bipartite graph G the algebra AiG) is a homogeneous 
ASL on a poset described in terms of the minimal vertex covers ofG. So the multiplicity 
of A{G) can be easily read from the above poset. In our case it is easy to check that 
e(A(Cio)) = 20, whereas e(Ik[Cio]) = 10. 

For the next result we need the concepts of "arithmetical rank" of an ideal and "set- 
thoeretic complete intersections", introduced in 0.4.2. By 0.10, if an ideal a of a ring 
7? is a set-theoretical complete intersection, then cd{R, a) = ht(a). In the case in which 
R = S and a = Ia where A is some simplicial complex on [n], by a result of Lyubeznik 
got in [73] (see Theorem 0.3.4), it turns out that cd(5',/A) = n — depth(k[A]). So, if Ia 
is a set-theoretic complete intersection, then k[A] will be Cohen-Macaulay. 
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Remark 4.2.3. In general, even if Ik [A] is Cohen-Maculay, then /a might not be a 
set-theoretic complete intersection. For instance, if A is the triangulation of the real 
projective plane with 6 vertices described in [ 13, p. 236], then Ik[A] is Cohen-Macaulay 
whenever char(k) ^ 2. However, for any characteristic of k, /a need at least (actually 
exactly) 4 polynomials of Ik[xi , . . . jXg] to be defined up to radical (see the paper of 
Yan [108, p. 317, Example 2]). Since ht(/A) — 3, this means that /a is not a complete 
intersection for any field. 

Corollary 4.2.4. Let k be an infinite field. For any matroid A, the ideal It^Sm is a 
set-theoretic complete intersection in Sm- 

Proof. By the duality on matroids it is enough to prove that y(A)5'm is a set-theoretic 
complete intersection. For h^O\l follows by [6 1 , Corollary 2.2] that the /ith Veronese 
ofA(A), 

A(A)W = 0A(A)/„„, 

;n>0 

is standard graded. Therefore A(A)'^''' is the ordinary fiber cone of /(A)''"'. Moreover 
A(A) is finite as a A(A)('''-module. So the dimensions of A(A) and of A(A)(''' are the 
same. Therefore, using Corollary 4.2.1, we get 

ht(y(A)5^) - ht(y(A)) = dimA(A)W = ^(7(A)W) = £((/(A)5n,) W), 

where £(•) is the analytic spread of an ideal, i.e. the Krull dimension of its ordinary fiber 
cone. From aresult by Northcott and Rees in [86, p. 151], since k is infinite, it follows 
that the analytic spread of (y(A)5'm)'''' is the cardinality of a set of minimal generators 
of a minimal reduction of (y(A)5m Clearly the radical of such a reduction is the 
same as the radical of (7(A)5m)'''', i-C- -/(A)5'm, so we get the statement. □ 

Remark 4.2.5. Notice that a reduction of ISm, where / is a homogeneous ideal of S, 
might not provide a reduction of /. So localizing at the maximal irrelevant ideal is a 
crucial assumption of Corollary 4.2.4. It would be interesting to know whether /a is a 
set-theoretic complete intersection in S whenever A is a matroid. 

4.3 Comments 

One of the keys to get our proof of Theorem 4.1.1 is to characterize the simplicial com- 
plexes A on [n] for which the Krull dimension of A (A) is the least possible. We suc- 
ceeded in this task showing that this is the case if and only if A is a matroid (Corollary 
4.2.1). In view of this, it would be interesting to characterize in general the dimen- 
sion of A (A) in terms of the combinatorics of A. In [6, Theorem 3.7], we located the 
following range for the dimension of the algebra of basic covers; 

dimA+ 1 < dimA(A) < «- 

In [25], we characterized in a combinatorial fashion the dimension of A(G) for a graph 
G, that is a 1 -dimensional simplicial complex. However, already in that case, matters 
have been not easy at all. We will not say here which is the graph-theoretical invariant 
allowing to read off the dimension of A(G), since it is a bit technical. It suffices to 
say that, for reasonable graphs, one can immediately compute such an invariant, and 
therefore the dimension of the algebra of basic covers. The following is an interesting 
example. 



dimA+ 1 
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Example 4.3.1. Let G ^C(, the hexagon, namely: 



1 2 




5 4 



By [25, Theorem 3.8], it follows that dimA(C6) ~ 3. So, Proposition 4.1.7 yields: 

min{depth(5/y(C6)*''') : /t e N>i} = 6 - 3 = 3, 
where J{C(t) is the cover ideal: 

J{Ce) = (xi,X2) n (X2,X3) n (X3,JC4) n (jC4,-*:5) n (jC5,JC6) n (jC6,Xi). 

Notice that S/J{C(i) is a A-dimensionalt-algebra which is not Cohen-Macaulay. To see 
this it suffices to consider the localization of S/JiC^) at the residue class of the prime 
ideal (xi,X2,X4,X5) C 5 = Ik[A:i, . . . jjcg]. The resulting k-algebra is a 2-dimensional 
local ring not l-connected. Therefore, Proposition B.1.2 implies that it is not Cohen- 
Macaulay. A fortiori, the original ring S/J{Ce) is not Cohen-Macaulay too. So we get 
depth (^//(Ce)) < dim5'/y(C6) =4, which implies depth{S / J {Ce)) = 3 (from what said 
just below the picture). Moreover, it follows from a general fact (see Herzog, Takayama 
and Terai [60, Theorem 2.6]) that depth (5 //(Ce)) > depth(5/7(C6)''^')/or all integers 
k > I. Thus, eventually, we have: 

depth(5//(C6)'^'') = 3 < dim(5//(C6)) V /t e N>i 

Example 4.3.1 suggests us the following question: Which are the simplicial com- 
plexes A on [n] such that depth(5//^'^') is constant with k varying among the positive in- 
tegers? Equivalently, which are the simplicial complexes A such that depth(5/7(A)) = 
dim A (A)? Theorem 4.1.1 shows that matroids are among these simplicial complexes, 
however Example 4.3.1 guarantees that there are others. 



78 Symbolic powers and Matroids 



Appendix A 

Other cohomology theories 



Besides local cohomology, in mathematics many other cohomologies are available. In 
this section we want to introduce some cohomology theories we will use in Chapter 1, 
underlying the relationships between them. 

A.l Sheaf cohomology 

In algebraic geometry the most used cohomology is sheaf cohomology . It can be de- 
fined once given a topological space X and a sheaf ,^ of abelian groups on X. When X 
is an open subset of an affine or of a projective scheme and ^ is a quasi-coherent sheaf, 
then sheaf cohomology and local cohomology are strictly related, as we are going to 
show. 

Actually to define sheaf cohomology it is not necessary to have a topological space, 
but just to have a special category C: For a topological space X such a category is 
simply Op(X) (see Example A. 1.1 below). The definition in this more general context 
does not involve much more effort and is useful since this thesis makes use of etale 
cohomology, so we decided to present sheaf cohomology in such a generality. Etale 
cohomology was introduced by Grothendieck in [49]. 

Let C be a category. For each object U of C suppose to have a distinguished set 
of family of morphisms ([/, U)iei, called coverings of U, satisfying the following 
conditions: 

(i) For any covering (f/,- — > U)iei and any morphism V the fiber products Uj x u 
V exist, and (t/, XijV)iei is a covering of V. 

(ii) If [Uj — > U)iei is a covering of U and {Uij — > Ui)jejj is a covering of Uj, then 
(Uij U)^ij)eixJi is a covering of U. 

(iii) For each object U of C the family {U U) consisting of one morphism is a 
covering of U . 

The system of coverings is called Grothendieck topology , and the category C together 
with it is called site. 

Example A.1.1. Given a topological space X, we can consider the category Op(X) 
in which the objects are the open subsets ofX and whose morphisms are the inclusion 
maps: So Hom(y, f/) is non-empty if and only ifVQU. Moreover, in such a case 
it consists in only one element. There is a natural Grothendieck topology on Op(X), 
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namely the coverings of an object U are its open coverings. Clearly, ifV and W are 
open subsets of an open subset U , we have V XjjW = V C]W. 

A presheaf (of Abelian groups) on a cite C is a contravariant functor J? : C — > Ab, 
where Ab denotes the category of the Abelian groups. If ^ is a presheaf of Abelian 

groups and V is a morphism in C, for any s e .^{U) the element ^{<^){s) G V 
is denoted by i|v, although this can be confusing because there may be more than one 
morphism from V to [/. A presheaf ^ of Abelian groups is a sheaf if for any object U 
of C and any covering ([/,■ — > U)iei, we have: 

(i) For any s £ ,j^{U), if s\u- = for any ; G /, then i = 0. 

(ii) If Si £ ^{Ui) for any / e / are such that Si\u.^^jUj = Sj\uiXuUj for all (;,;) e / x /, 
then there exists s G .^{U) such that s\ij. = Si for every / e /. 

A morphism of presheaves is a natural transformation between functors. A morphism 
of sheaves is a morphism of presheaves. 

The definition of Grothendieck topology gives rise to the study of various cohomol- 
ogy theories: (Zariski) cohomology, etale cohomology, flat cohomology etc. Actually 
all of these cohomologies are constructed in the same way: What changes is the site. 

Example A.1.2. In this thesis we are interested just in two sites, both related to a 
scheme X. 

( i) The Zariski site on X, denoted by Xzar, is the site on X regarded as a topological 
space as in Example A. 1.1. Since this is the most natural structure of site on X, 
we will not denote it by Xzar, but simply by X. 

( ii) The etale site on X, denoted by X^t, is constructed as follows: The objects are 
the etale morphisms U ^ X. The arrows are the X-morphisms U ^ V, and 

the coverings are the families of etale X-morphisms {Uj U)i<^i such that U ~ 
U(l)i{Ui). 

The functor from the category of sheaves on a site C to Ab, defined by r{U, •) : 
^ n- r(f/,^) := ,!^{U), is left exact for every object U of C, and the category of 
sheaves on C has enough injective objects (see Artin [ 1 , p. 33]). Therefore it is possible 
to define the right derived functors of T{U , •), which are denoted by H'{U, •). For a 
scheme X and a sheaf ^ on X, the ith cohomology of is H'{X,J^). If is a 
sheaf on X^,-,, the ith etale cohomology of ^ is H^(X ~> X,^), and it is denoted by 
H'{X„,^). 

As we already anticipated, the cohomology of a quasi-coherent sheaf on an open 
subset of a noetherian affine scheme X is related to local cohomology: Let X := 
Spec(/?), a C 7? an ideal and U := X \ y{a). Recall that if ^ is a quasi-coherent 
sheaf on X then ^ is the sheafication of the /^-module M :~ r{X,J^). By combining 
[10, Theorem 20.3.1 1] and [1(1, Theorem 2.2.4], shown in the book of Brodmann and 
Sharp, we have that there is an exact sequence 

0^ra{M)^M^H^{U,^)^H^„iM)^0, (A.l) 

and, for all ; £ N>i, isomorphisms 

H'{U,.^)^H'+\m). (A.2) 

There is also a similar correspondence in the graded case: Let Rhea graded ring and a 
be a graded ideal of R. Set X := Proj (R) andU ■.= X\t'+ (a). Let M be a Z-graded R- 
module. In this case the homomorphism appearing in [10, Theorem 2.2.4] are graded. 
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So by [10, Theorem 20.3.15] we have an exact sequence of graded /^-modules 

O^ra(M) 0//°(t/,M(^f)) ^//^(M) ^0, (A.3) 

and, for all ; € N>i, graded isomorphisms 

0//'(C/,M(d)) (M). (A.4) 

(The notation ~ above means the graded sheafication, see Hartshorne's book [56, p. 
116]. We used the same notation also for the "ordinary" sheafication, however it should 
always be clear from the context which sheafication is meant). In particular, if m :=R+, 

^W{xMd))^H'+\M) V/eN>i. 

Given a scheme X, the cohomological dimension ofX is 

cd{X) := min{/ : H^{X,J^) = for all quasi-coherent sheaves and j > ;}. 

Suppose that o is an ideal of a ring R which is not nilpotent. Then (A.l) and (A. 2) 
imply 

cd{R, a) - 1 = cd(Spec(/?) \ r(a)). (A.5) 

Moreover, if R is standard graded over a field k and a is a homogeneous ideal which is 
not nilpotent, using (A.3) and (A.4) we also have 

cd(7;,a)-l = cd(Spec(7;)\r(a)) = cd(Proj(7;)\r+(o)). (A.6) 

For a scheme X it is also available the etale cohomological dimension . To give its 
definition we recall that a sheaf ^ on X^f is torsion if for any etale morphism U -^X 
such that U is quasi-compact, ,'^{U — > X) is a torsion Abelian group. 

Example A.1.3. We can associate to any abelian group G the constant sheaf on a 
topological space X . It is denoted by G, and for any open subset U (^X it is defined 
as 

GiU) -.^ G'^^^l 

where TTqIU) is the number of connected components ofU. IfX is a scheme, we can 
associate to G the constant sheaf on X^t in the same way: 

G{U ^X) — G'^^"^ 

Clearly, ifG is a finite group, then G is a torsion sheaf on X^f 

We can define the etale cohomological dimension of a scheme X as: 

ecd{X) := min{/ : (Xg-, , J^) = for all torsion sheaves ^ and j > i}. 

If X is a n-dimensional scheme of finite type over a separably closed field, then 6cd{X) 
is bounded above by 2n (see Milne's book [82, Chapter VI, Theorem 1.1]). If moreover 
X is affine, then 6cd{X) < n ([82, Chapter VI, Theorem 7.2]). 

We have seen in (0.10) that the cohomological dimension provides a lower bound 
for the arithmetical rank. An analog fact holds true also for the etale cohomological 
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dimension. Assume that X is a scheme and pick a closed subscheme Y CX. Suppose 
that U :=X\Y can be cover by k affine subsets of X. The etale cohomological dimen- 
sion of these affine subsets is less than or equal to n for what said above. So, using 
repetitively the Mayer- Vietoris sequence ([82, Chapter III, Exercise 2.24]), it is easy to 
prove that 

6cd{U) <n + k-l (A.7) 

Notice that if X := Spec(7?) and F := y{a), where a is an ideal of the ring R, then X\Y 
can be covered by ara(a) affine subsets of R. The same thing happens in the graded 
setting, with ara(a) replaced by ara/,(a). Therefore (0.10) actually provides a lower 
bound for the arithmetical rank! 

We want to finish the section noticing the formula for etale cohomoligical dimen- 
sion analog to (A. 6). Let R be standard graded over a separably closed field k and a a 
homogeneous ideal of R. Then, using a result of Lyubeznik [76, Proposition 10.1], one 
can prove that: 

ecd(Spec(7?) \ r(o)) = ecd(Proj(i?) \ r+(a)) + 1. (A.8) 



A.2 GAGA 

To compare the cohomology theories we are going to define we need to introduce 
some notions from a foundamental paper by Serre [95]. When we consider a quasi- 
projective scheme over the field of complex numbers C, two topologies are available: 
The euclideian one and the Zariski one. Serre's work allows us to use results from 
complex analysis for the algebraic study of such varieties. The name GAGA comes 
from the title of the paper, "Geometric Algebrique et Geometric Analytique". 

If X is a quasi-projective scheme over C, we can associate to it an analytic space 
X''. Roughly speaking, we have to consider an affine covering {[/,},£/ of X. Let us 
embed every Uj as a closed subspace of a suitable A^. The ideal defining each Ui is 
generated by a set of polynomials of C[ji:i , . . . ,xj\i]. Because a polynomial is a holomor- 
phic function, such a set defines a closed analytic subspace of C^, which we denote by 
jy/'. We obtain X'' gluing the f//''s together Below follow some expected properties of 
this construction we will use during the thesis: 

(i) (P«)^^P(C"+^). 

(ii) If Y is another quasi-projective scheme over C, thenX'' x Y'' = (X x Y)''. 
Furthermore, to any sheaf ^ of i^x -modules we can associate functorially a sheaf 

of -modules ([95, Definition 2]). The sheaf JF'' is, in many cases, the one we 
expect: For instance, denoting by D.x /c the sheaf of Kahler differentials of X over C, 
the sheaf ^^j^ is nothing but than the sheaf of holomorphic 1-forms on X'', namely 
Q.^!,. More generally, setting fi^^j-, := A^'H^/c, the sheaf (H^^j^)'' is ii^;,, the sheaf of 

holomorphic p-forms on X'\ Another nice property is that is coherent whenever 
^ is coherent ([95, Proposition 10 c)]). One of the main results of [95] is the following 
([95, Theoreme 1]): 

Theorem A.2.1. Let X be a projective scheme over C and ^ be a coherent sheaf on 
X. For any i G N there are functorial isomorphisms 

h'{x,^)'^h'{x'',^''). 
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Thanks to GAGA, we can borrow techniques from complex analysis when we study 
algebraic varieties over a field of characteristic 0. Often this is useful because eu- 
clideian topology is much finer than the Zariski one: For instance, if X is irreducible 
over C, the cohomology groups H'{X,C) vanish for any / > 0. Instead, H'(X'\C) = 
H'gj^^{X'\<C) (see Subsection A.3), which in general are nonzero. When the character- 
istic of the base field is positive these methods are not available. However, a valuable 
analog of euclideian topology is the etale site. The following comparison theorem of 
Grothendieck (see Milne's notes [83, Theorem 21.1]) confirms the effectiveness of the 
etale site. 

Theorem A.2.2. Let X be an affine or a projective scheme smooth over C and let G be 
a finite abelian group. For any i £ N there are isomorphisms 

H'{X^,,G)^H'{X'\G). 



A.3 Singular homology and cohomology 

If X is a topological space and G an abelian group we will denote by Hf'"^{X,G) 
the i-th singular homology group ofX with coefficients in G (for instance see Hatcher's 
book[58,p. 153]). WhenG = Z, wejustwritei/f"'^(X)for//f'"^(X,Z). We recall that 
jjSing ^ J jjSing ^ related by the universal coefficient theorem for homology 
([58, Theorem 3A.3]): 

Theorem A.3.1. IfX is a topological space and G an abelian group, for any i G N 
there is a split exact sequence 

Hf"\X) ®G^ Hf'"^%X,G) Tori {Hf'"f{X),G) 

The i-th singular cohomology group of X with coefficients in G will be denoted 
by H'gi„g{^,G) (see [38, p. 197]). Singular cohomology and singular homology are 
related by the universal coefficient theorem for cohomology ([. ! , Theorem 3.2]); 

Theorem A.3.2. IfX is a topological space and G an abelian group, for any i G N 
there is a split exact sequence 

Ext\Hfl"fiX),G) H's,,giX,G) ^ Hom(i/f"^(X),G) 

Example A.3.3. Let us consider the n-dimensional projective space over the complex 
numbers, P(C"^'), supplied with the euclideian topology. Then it is possible to com- 
pute its singular homology groups: 

HSi"g(f>(^C"+^))^l^ = 0,2,4,..., 2n 
' I otherwise 



Using Theorems A.3.1 and A.3.2, since C is a free abelian group, we get 



i// = 0,2,4,..., 2« 
otherwise 



and 



i/L,(P(C"+'),C)-Hom(i/L,(P(C"+^)),C)-r 0;2'4>--2n 

U otherwise 
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Suppose that X is an analytic space and that G = C. Then, for any / G N, we have 
a functorial isomorphism 

//^,„^,(X,C)-//'(X,C), (A.9) 
for instance see the notes of Deligne [31, Proposition 1.1], 

A.4 Algebraic De Rham cohomology 

For any regular projective scheme X over a field k of characteristic 0, and actually 
for much more generals schemes, it is possible to define its algebraic De Rham coho- 
mology groups, which we will denote by H^j^{X) as shown by Grothendieck in [48]. 
Consider the complex of sheaves 

^x/k • — > ^x/k — > ii|/k — ^ ■ ■ ■ • 

The De Rham cohomology is defined to be the hypercohomology of the complex S^x/k- 
In symbols H'jyj^{X) : = M'{X ,Q.^^^). The De Rham cohomology theory can also be 
developed in the singular case, see Hartshome [55], but we do not need it in this thesis. 
If k = C, we can consider the complex 

n^;, : £^x'' — ^ ^x'' — ^ ^xi' — ^ — 
A theorem of Grothendieck [48, Theorem 1'] tells us that, under the above hypothesis, 

//i«(x)=H'(x^%„). (A.io) 

The complex form of Poincare's lemma shows that H^,, is a resolution of the constant 
sheaf C. Therefore m'{X'',Q.xh) is nothing but than H'{X'\C). So (A.IO) and (A.9) 
yield functorial isomorphisms 

hUx)=H's„^{x'\C) (A. 11) 

for all / e N. 



Appendix B 

Connectedness in noetherian 
topological spaces 

In this appendix, we discuss a notion which generahzes that of connectedness on 
Noetherian topological spaces. As example of Noetherian topological spaces, we sug- 
gest to keep in mind schemes. 

Remark B.0.1. Let X be an affine or a projective scheme smooth over the complex 
numbers. Then X'' is endowed with a finer topology than the Zariski one. Therefore, 
if X'' is connected, then X is connected as well. What about the converse implication? 
Quite surprisingly, X'^ is connected if and only if X is connected. This can be shown 
using Theorem A.2.2. In fact, if G is a finite abelian group, then 

qMx) ^ h\x^i,G) ^ H'-\x'\G) ^ G'^o*^"', 

where no counts the connected components of a topological space. Therefore, to figure 
a connected projective scheme, one can trust the Euclideian perception. However, we 
recommend carefulness about the fact that this occurrence fails as soon as X is not an 
affine or a projective scheme. For instance, if X is the affine line without a point, then 
it is connected, but X'' is obviously not. 

For simplicity, from now on it will always be implied that our noetherian topologi- 
cal spaces have finite dimension. 

Definition B.0.2. A noetherian topological space T is said to be r-connected if the 
following holds: if Z is a closed subset of T such that T \ Z is disconnected, then 
dimZ > r. (We use the convention that the emptyset is disconnected of dimension — 1 .) 

Remark B.0.3. Let us list some easy facts about Definition B.0.2: 

(i) If r is r-connected, then r < dimT. Moreover T is always (— l)-connected. 

(ii) If T is r-connected, then it is i-connected for any s <r. 

(iii) T is connected if and only if it is 0-connected. 

(iv) T is irreducible if and only if it is (dimr)-connected. 

If, for a positive integer d, T is (dim(r) — ii)-connected we say that T is connected 
in codimension d. If 7? is a ring, we say that R is r-connected if Spec(/?) is. 

Example B.0.4. Besides Spec(7?) we will consider other two noetherian topological 
spaces related to special noetherian rings R. 
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(i) If {R,m) is a local ring the punctured spectrum of R is Spec(/?) \ {tn}, where 
the topology is induced by the Zariski topology on Spec(R). Notice that the 
punctured spectrum of R is r-connected if and only if R is (r + \)-connected (a 
local ring is obviously always 0-connected). 
(ii) If R is graded, we can consider the noetherian topological space Prqj(/?). One 
can easily show that if R+ is a prime ideal, then ¥xo'][R) is r-connected if and 
only if the punctured spectrum of Rr^ is r-connected if and only if R is (r+ 1)- 
connected. 

We list three useful lemmas which allow us to interpret in different ways the con- 
cept introduced in Definition B.0.2. 

Lemma B.0.5. Let T be a nonempty noetherian r-connected topological space. Let 
Ti, . . . ,T„j be the irreducible components ofT: 

(i) If A and B are disjoint nonempty subsets of {I, . . . ,m} such thatAUB = {1, . . . ,m}, 
then 

dim((U7;)n (□?;■))>'-. (B.l) 

ieA jeB 

Moreover, ifT is not {r+ \ )-connected, then it is possible to choose A and B in 
such a way that equality holds in (B. 1). 

(ii) IfT is not (r+ \)-connected, then the dimension of each Tj is at least r. More- 
over, if T has is reducible, then dim Tj > r for any i ^ I, . . . ,}n (we recall our 
assumption dim(r) < °°). 

Proof. For (i) see Brodmann and Sharp [10, Lemma 19.1.15], for (ii) look at [10, 
Lemma 19.2.2]). □ 

Lemma B.0.6. A connected ring R with more than one minimal prime ideals is not 
r-connected if and only if there exist two ideals a and h such that: 
( i) y/a and Vb are incomparable. 
( ii) anb is nilpotent. 
(Hi) dimR/{a + b) < r. 

Proof Setr:=Spec(7?). 

If a and fa are ideals of R satisfying (i), (ii) and (iii), then consider Z := 'f{a + fa). 
It is clear that ^ (a) n{T\Z) and r(fa) n{T\Z) provide a disconnection for T\Z. 
Since dimZ < r we have that R is not r-connected. 

If R is not r-connected, then there exists a closed subset Z CT such that T \ Z is 
disconnected and dimZ = i < r. We can assume that R is i-connected. Because T\Z 
is disconnected, there are two closed subsets A and B of T\Z such that: 

(i) A and B are nonempty. 

(ii) AUB^T\Z. 

(iii) AnB = 0. 

Let us choose two ideals a and b of R such that A = y{a)\Z and B = y{b)\Z. The 
fact that A n B = implies Y{a+b) QZ. Therefore dim R/{a + b) <s < r. Moreover, 
since A U B = T \ Z, we have that y(ar\b) ^ T \Z. If p is a minimal prime ideal of 
R, by Lemma B.0.5 (ii) dimR/p > s. Then p ^ Z, so it belongs to y{an fa). This 
implies that a n fa is nilpotent. Finally, since A and B are nonempty, the radicals of a 
and fa cannot be comparable: For instance, if \/a were contained in A/fa, we would get 
^(a) 3 '^{b). SinceAnB = 0, we would deduce y{b) CZ, but this would contradict 
the fact that B is non-empty. □ 
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Lemma B.0.7. For a noetherian topological space T, the following are equivalent: 

( i) T is r-connected; 

( ii) For each T' and T" irreducible components of T, there exists a sequence T' = 
Tig,Tij,. . . , Ti^ = T" such that Tj is an irreducible component of T for all i = 
0, . . . ,i and dim(7)v n TiJ_^) > r for all j = \,...,s. 

A sequence like in ( ii) will be referred as an r-connected sequence. 

Proof. Let Ti,... , T,,, be the irreducible components of T. 

(ii) (i). Suppose that r is not r-connected. Pick two disjoint nonempty subsets 
'^iB C {l,...,m} such that AU B = {1, . . . and choose p G A and q £ B. Set 
T' := Tp and T" := Tq. By the hypothesis there is an r-connected sequence between T' 
and r", namely: 

r ^Ti^,Ti,,...,Ti^^T". 
Of course there exists k £ {l,...,s} such that 7;^,. ^ e A and 7;^,. e B. Therefore, 

dim((U Ti)n{\J Tj)) > dimiT,^_^ n T,^) > r 
ieA jeB 

This contradicts Lemma B.0.5 (i). 

(i) (ii). Set T' = Tp for some p G {!,... ,m}. By Lemma B.0.5 (i), 

dim(r'n(U7;))>r. 

Therefore there exists an irreducible closed subset C r' n (Ui/pTi) of dimension 
bigger than or equal to r. Being irreducible, there exists ji ^ p such that S\ C 

r'nT};. So 

dim(r' n r,-, ) > r 

Set A\ := {p,ji} and Bi := {l,...,m}\{p,ji}. Arguing as above. Lemma B.0.5 
implies that there is 72 G Bi such that: 

dim(r' n Tj^ ) > r or dim(r,', n Tj-, ) > r. 

Going on this way, we can show that the graph whose vertices are the 7/'s and such that 
{Ti, Tj} is an edge if and only if dim(7; n Tj) > r is a connected graph. This is in turn 
equivalent to (ii). □ 

As we saw in Equation (0.4), the cohomological dimension does not change under 
completion. This is not the case for the connectedness. Since in Chapter 1 we compared 
the cohomological dimension cd{R,a) with the connectedness of R/a, the following 
lemma is necessary. 

Lemma B.0.8. Let R be a local ring. The following hold: 

( i) If R is r-connected, then R is r-connected as well. 

(ii) if pR G Spec(/?) for all minimal prime ideals p of R, then R is r-connected if 
and only ifR is r-connected. 

Proof. The reader can find the proof in [ 10, Lemma 19.3.1]. □ 

Because Lemma B.0.8 (ii), it is interesting to know local rings whose minimal 
prime ideals extend to prime ideals of the completion. The following Lemma provides 
a good class of such rings. Even if the proof is standard, we include it here for the 
convenience of the reader 



88 



Connectedness in noetherian topological spaces 



Lemma B.0.9. Let R be a graded ring and m := R+ denote the irrelevant ideal ofR. 
If pis a graded prime ofR, then pR™ G Spec (7?"^). In particular, ifR is a domain, R™ 
is a domain as well. 

Proof. We prove first that if /? is a domain then R"^ is a domain as well. Consider 
the multiplicative filtration ^ := {Im)me'N of ideals of R, where /,„ are defined as /,„ = 
({/ e Rj : j > m}). Let us consider the associated graded ring associated to namely 
gT^{R) = ®'^^Qlm/Im+i- Obviously there is a graded isomorphism of /?o-algebras 

between R and gT^{R). Now, let R^ denote the completion of R with respect to the 

filtration J^, and let be the filtration {ImR'^)m&i- It is well known that 

gr^(/?)=gr.^(^). 

By these considerations we can assert that grg>(/?-^) is a domain; since Dm^-MlmR'^ ~ 0, 
R^ is a domain as well. Since the inverse families of ideals (/y);GN and (m')^^^ are 
cofinal, is a domain. For the more general claim of the lemma we have only to note 
that, if ^ is a graded prime of R, then R/pis an graded domain and use the previous 
part of the proof. □ 

Remark B.0.10. Thanks to Lemma B.0.9, we can apply Lemma B.0.8 (ii) to (localiza- 
tions of) graded rings R. In fact, every minimal prime ideals of R is graded (see Bruns 
and Herzog [ I \ Lemma 1.5.6]). 



B.l Depth and connectedness 

A result of Hartshorne in [50] (see also Eisenbud's book [''4, Theorem 18.12]), asserts 
that a Cohen-Macaulay ring is connected in codimension 1 . In fact there is a relation- 
ship between depth and connectedness. To explain it we need the following lemma. 

Lemma B.1.1. Let {R,m) be local. Then 

dimR/a > depth(/?) - grade(a,/?). 

Proof. Set k := depth(/?) and g := grade(a,7?). Let fi,...,fg G o be an /^-sequence. If 
y ;= (/i , • • • ,fg) we must have 

y p, 

peAss{R/J) 

so there exists pG Ass{R/J) such that aC p. Since depth(/?/7) = k~ g, moreover, 
we have dim/? / p>k — g (for instance see Matsumura [>s , Theorem 17.2]). □ 

The relation between connectedness and depth is expressed by the following two 
results. 

Proposition B.1.2. IfR is a local ring such that depth(/?) = r + 1, then it is r-connected. 

Proof. If R has only one minimal prime, then the proposition is obvious, therefore we 
can suppose that R has at least two minimal prime ideals. If R were not r-connected, 
by Lemma B. 0.6 there would exist two ideals a and b whose radicals are incomparable, 
such that a n b is nilpotent and such that dim/?/ (o + b) < r. The first two conditions 
together with ([ , Theorem 18.12]) imply grade(a+ b,/?) < 1. Then, from Lemma 
B.1.1, we would have dim/?/ (a+ b) > r, which is a contradiction. □ 
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Corollary B.1.3. Let R be a catenary local ring satisfying S2 Serre's condition. Then 
R is connected in codimension 1. 

Proof. If R has only one minimal prime, then it is clearly connected in codimension 1, 
therefore we can assume that R has at least two minimal prime ideals. If R were not 
connected in codimension 1, by Lemma B.0.6 there would exist ideals a and b whose 
radicals are incomparable, such that an b is nilpotent and such that dim/?/(a+ b) < 
6\mR~ 1. Let us localize at a minimal prime pof a+b: Since R is catenary ht(p) > 2. 
It follows by the assumption that depth (Tip) > 2. But Y{aRp) and y{bRp) provide a 
disconnection for the punctured spectrum of Rp. Therefore is not 1 -connected, and 
this contradicts Proposition B. 1 .2. □ 
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Appendix C 

Grobner deformations 



There are a lot of references concerning Grobner deformations. We decided to follow, 
for our treatment, especially the lecture notes by Bruns and Conca [20]. 

C.l Initial objects with respect to monomial orders 

Let 5 := Ik[xi , . . . ,x,j] be the polynomial ring in « variables over a field k. A monomial 
of S is an element of S of the form x" := x"' ■ ■ -x"" with a e N". We will denote by 
^{S) the set of all monomials of S. A total order -< on .-#(5') is called a monomial 
order if: 

(i) For all m e ^{S) \ {!}, 1 -< m. 

(ii) For all m\^m2,n £ ^{S), '\fm\ -< m2, then m\n -< m2n. 

Given a monomial order -<, a nonzero polynomial / G 5 has a unique representation: 

f ^limi + ...+Xkmk, 

where A; e k \ {0} for all / = 1 , . . . , A: and m\ > m2 >-...> mi^. The initial monomial 
with respect to -< of /, denoted by in^ (/), is, by definition, m\ . Furthermore, if V C 5 
is a nonzero k-vector space, then we will call the space of initial monomials of V the 
following k-vector space: 

in^(y):=<in^(/):/ey\{0}>C5. 

Remark C.1.1. Actually, we will usually deal with initial objects of more sophisticated 
structures than vector spaces, namely algebras and ideals. The justifications of the 
following statements can be found in [20, Remark/Definition 1.5]. 

(i) If A is a k-subalgebra of S, then in^ (A) is a k-subalgebra of S as well, and it is 
called the initial algebra of A with respect to -<. However, even if A is finitely 
generated, in_<(A) might be not (see [20, Example 1.7]). 

(ii) If A is a k-subalgebra of S and / is an ideal of A, then in^(/) is an ideal of 
in^ (A), and it is called the initial ideal of I with respect to <. In particular, since 

{S) = S, we have that in_< (/) is an ideal of S whenever / is an ideal of S. 

A subset of a k-subalgebra A C 5 is called Sagbi bases with respect to -< if 



in^(A)=k[in^(§):ge^]C5. 
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As it is easy to see, a Sagbi basis of A must generate A as a k-algebra. Of course, a 
Sagbi basis of A always exists, but, unfortunately, it might do not exist finite: This is 
the case if and only if in^(A) is not finitely generated. Analogously, a subset of an 
ideal / of a k-subalgebra A C 5 is said a Grobner basis with respect to -< of / if 

in^(/) = (in^(^):ge^)Cin^(A). 

Also in this case, one can show that a Grobner basis of / must generate / as an ideal 
of A. Moreover, one can show that if in^(A) is finitely generated, then Noetherianity 
implies the existence of a finite Grobner basis of any ideal / C A. In particular, any 
ideal of the polynomial ring S admits a finite Grobner basis. From now on, we will 
omit the subindex -< when it is clear which is the monomial order, writing in( ) in 
place of in^ (•). 

C.2 Initial objects with respect to weights 

In this section we introduce the notion of initial objects with respect to weights. A 
vector CO :~ {coi , . . . , C0„) G N" [ supplies an alternative graded structure on S, namely 
the one induced by putting deg^(x,) := ©,■. Therefore, the degree with respect to o of a 
monomial x" = x"' • • • x"" e (5) \ { 1 } will be ©i ai + . . . + 0„ a„ > 1 . For a nonzero 
polynomial / e 5, we call the initial form with respect to © of / the part of maximum 
degree of /. I.e., if / = Aimj + . . . + A^m/, with A,- e k \ {0} and m; G (5') for all 
i— l,...,k, then 

in<o (/) + Xj, mji^ , 

where deg„(OTy, ) = •••= deg„(OT;J = deg^(/) max{deg<„(m,) :/=!,.. . The 
(O-homogenization of / is the polynomial homo,(/) of the polynomial ring ^[f] with 
one more variable, defined as 

k 

homcoif) := ^A,m,f'*<'g'»(^'-'^'=g«('"') e S[t]. 

i=l 

Notice that hom(o{f) is homogeneous with respect to the co-graduation on S[t], given 
by setting degg,(x,) := cOj and deg(f) := 1. Moreover, note that we have that 

inra(/) (xi , . . . ,x„) = homffl (/) (xj , . . . ,x„ , 0) . 

Analogously to Section C. 1 , for a nonzero k-vector space V C 5, we define the k- vector 
space 

inciV) :=< in„(/) : / G V \ {0} >C 5 

and the k[f] -module 

homffl(y) := k[f] < hom(B(/) : / G V \ {0} >C S[t]. 

Remark C.2.1. The present remark is parallel to C.l . 1. 

(i) If A is a k-subalgebra of S, then ina,{A) is a k-subalgebra of S, called the initial 
algebra of A with respect to CO, and homo (A) is a k-subalgebra of S[t]. However, 
even if A is finitely generated, both ina{A) and homio{A) might be not. 
(ii) If A is a k-subalgebra of S and / is an ideal of A, then ino)(/) is an ideal of 
in£o(A), called the initial ideal of I with respect to CO, and homo,(/) is an ideal 
of homoD(A). In particular, since in(B(5) = S and homa{S) ^ S[t], we have that 
in(u (/) is an ideal of S and homo (/) is an ideal of S[t] whenever / is an ideal of 5. 



C.3 Some properties of the homogenization 
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The two application ine, and homo, are related, roughly speaking, by the fact that 
honiffl supplies a flat family whose fiber at is in^. More precisely: 

Proposition C.2.2. Let I CS be an ideal and CO a vector in N" j . The ring S[t]/ homa) (/) 
is a free 'k[t]-module. In particular, t — X is a nonzero divisor of S[t] / hom(o(I) for any 
A G k. Furthermore, we have: 



Proposition C.2.2, whose proof can be found in [20, Proposition 2.4], is the main 
tool to pass to the initial ideal retaining properties from the original ideal, or viceversa. 
Moreover, the next result says that initial objects with respect to monomial orders are 
a particular case of those with respect to weights. Thus, Proposition C.2.2 is available 
also in the context of Section C. 1 . 

Theorem C.2.3. Let A be a h-subalgebra of S and U ideals of A for i = l,...,k. If ^ 
is a monomial order such that in^(A) is finitely generated, then there exists a vector 
CO G N" J such thatin^{A) = in(u(A) andm^iji) = infi)(/,) for all i=l,...,k. 

Proo/ See [20, Proposition 3.8]. □ 

If -< and CO are like in Theorem C.2.3, then we say that co represents -< for A and /, . 

C.3 Some properties of the homogenization 

In this section we discuss some properties which will be useful in Chapter 2. First of 
all we need to introduce the following operation of dehomogenization: 



Remark C.3.1. Let co e N" j. Then the following properties are easy to verify: 

(i) For all / e 5 we have n{homo){f)) = f. 

(ii) Let F G S[t] be an homogeneous polynomial (with respect to the o-graduation) 
such that F ^ (f). Then hom(B(7i;(F)) = F; moreover, for all e N, if G = t'^F 
we have hom(o{n{G))t'' = G. 

(iii) IfFe homa,(/), then n{F) € /. 

In the next lemma we collect some easy and well known facts: 

Lemma C.3.2. Let co e N" j and I and J two ideals ofS. Then: 

( i) homfl) (/ n y) — homra (7) n homo, (■^)- 

(ii) I is prime if and only ifhom(o{I) is prime. 

(iii) homioiVl) = ^/homJTj. 

(iv) I QJ if and only if]\ovt\(t){I) C homo (7). 

(v) pi,. . . are the minimal primes of I if and only if hom(t){p\) , . . . ,homa[ps) 
are the minimal primes o/homo,(/); 

(vi) dim5//+l =dim5[f]/hom(i,(/). 

Proof. For (i), (ii) and (iii) see the book of Kreuzer and Robbiano [69, Proposition 
4.3.10] (for (ii) see also the lecture notes of Huneke and Taylor [65, Lemma 7.3, (1)]). 
(iv). This follows easily from Remark C.3.L 




F{xx,... 



n : S[t] — > S 
.,x,„t) F{xi 
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(v) . If pi,... ,ps are the minimal primes of /, then nj=i A = Vt- So (i), (ill) and 
(iv) imply 

P|hom(u(p,) = ^/hom(o{I). 

i=l 

Then (ii) implies that all minimal primes of homo (/) are contained in the set 

{homra {pi),..., homfl) {ps)}. 

Moreover, by (iv), all the primes in this set are minimal for hom(o(I). Conversely, if 
hom(o{pi), . . . ,hom(o{ps) are the minimal primes of hom(u(/), then n/=i hom(u(/£',) = 
•\/homft)(/). So, from (i), (iii) and (iv), it follows that n?=i Pi = V^- Therefore, (ii) 
yields that all the minimal primes of / are contained in the set {pi,. . . ,ps]. Again 
using (iv), the primes in this set are actually all minimal for /. 

(vi) . If St <Pi £ • • • £ Ad is a strictly increasing chain of prime ideals such 
that I<= Pa, then (ii) and (iv) get that hom(u(^) ^ homa,{pi) £ ... £ \\omo,{pd) £ 
(x I , . . . , x„ , f ) is a strictly increasing chain of prime ideals containing hom^ (/) . The last 
inclusion holds true because {xi,. . . ,x,j,t) is the unique maximal ideal of S[t\ which is 
(B-homogeneous. Furthermore it is a strict inclusion because obviously t ^ homo,(//) 
for any ideal HQS. So, dim5[f]/homffl(/) > dim5//+ 1. Similariy, ht(hom(u(/)) > 
ht(/), thus we conclude. □ 
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Some facts of representation 
theory 

In this appendix we want to recall some facts of Representation Theory we used in 
Chapter 3. 

D.l General facts on representations of group 

Let k be a field, E a k-vector space (possibly not finite dimensional) and G a group. 
By GL(£') we denote the group of all k-automorphisms of E where the multiplication 
is0-i//=i//o(/).A representation of G on V is a homomorphism of groups 

p:G — >GL{E). 

We will say that {E,p) is a G-representation of dimension dimi^ii. When it is clear 
what is p we will omit it, writing just "E is a G-representation". If it is clear also what 
is G, we will call E simply a representation. Moreover, we will often write just gv for 
p{g){v) ig E G and v e E). A map between two G-representations {E,p) and (E' ,p') 
is a homomorphism of k-vector spaces, say (p : E ^ E' , such that 

We will often call (j) a G-equivariant map. It is straightforward to check that if is 
bijective than 0^Ms G-equivariant. In such a case, therefore, we will say that V and 
W are isomorphic G-representations. A subrepresetitation of a representation V is a k- 
subspace W C y which is invariant under the action of G. A representation V is called 
irreducible if its subrepresentations are just itself and < >. Equivariant maps and 
irreducible representations are the ingredients of the, so easy to prove as fundamental, 
Schur's Lemma. 

Lemma D.1.1. (Schur's Lemma) Let V be an irreducible G-representation and V' be 
a G-representation. If 

(p:V — >V' 

is a G-equivariant map, then it is either zero or injective. If also V' is irreducible, and 
<j) is not the zero map, then V and V' are isomorphic G-representations. 
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Proof. We get the statement because both Ker(0) and lm(0) are G-representations. 

□ 

Given two G-representations V and W, starting from them we can construct many 
other G-representations: 

(i) The k-vector space V W inherits a natural structure of G-representation setting 

g{v + w):= gv + gw V ^ e G, V v e y and V w G 

(ii) The tensor product V ®W {® stands for becomes a G-representation via 

g{v ® w) := gv ® gw e G, V V e y and V w e 
In particular, the c/th tensor product 

d 

i^v ■.= y(^V(^^...(^v^ 

d times 

becomes a G-representation in a natural way. 
(iv) If char(Ik) = 0, the exterior power V and the symmetric power Sym'V can 

both be realized as k-subspaces of 0''v. As it is easy to check, it turns out 

that actually they are G-subrepresentations of <^'^V. Particularly (^''y is not 

irreducible provided that d >2. 
(iv) The dual space V* ~ Hom(y,k) has a privileged structure of G-representation 

too: 

{gv*){v) ■.= v*{g-^v) v§ e G, V V G y and V V* e y*. 

This definition comes from the fact that, this way, we have {gv*){gv) = v*(v). 
A representation V is said decomposable if there exist two nonzero subrepresentations 
W and UofV such that W (BU = V. It is indecomposable if it is not decomposable. 
Obviously, an irreducible representation is indecomposable. Mashcke showed that the 
reverse implication holds true, provided that the group G is finite and that char(k) 
does not divide the order of G (for instance see the book of Fulton and Harris [43, 
Proposition 1.5]). Actually, it is true the following more general fact: 

Theorem D.1.2. The following are equivalent: 

( i) Every indecomposable G-representations is irreducible. 

(ii) G is finite anc/ char(k) does not divide \G\. 

Proof. See the notes of Del Padrone [32, Theorem 3.1]. □ 

Thus, if G is a finite group whose order is not a multiple of char(k), then any finite 
dimensional G-representation V admits a decomposition 

y = yj"i©...©y^"*, 

where the y 's are distinct irreducible subrepresentations of V. Moreover Schur's 
lemma [43, Lemma 1.7] ensures us that such a decomposition is unique. 



D.2 Representation theory of the general linear group 
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D.2 Representation theory of the general linear group 

From now on, in this appendix we assume char(Ik) = 0. Let Y be an n-dimensional k- 
vector space. We want to investigate on the representations of the general linear group 
G = GL{y). 

Remark D.2.1. After choosing a k-basis of Y , we can identify GL(y) with the group 
of invertible n x n invertible matrices with coefficient in k. We will often speak of these 
two groups without distinctions. However, we will punctually remark those situations 
which depend on the choice of a basis. 

Since GL(y) is infinite. Theorem D.1.2 implies that there are indecomposable 
GL(y)-representations which are not irreducible. Below is an example of such a rep- 
resentation. 

Example D.2.2. Let k = M fee the field of real numbers, G :~ GL(M) and E be a 2- 
dimensional M.-vector space. So, to supply E with a structure of G-representation we 
need to give a homomorphism M* —> GL(£'), where M* denotes the multiplicative group 
of nonzero real numbers. Set 



is a subrepresentation of E. So E is not irreducible. However, one can easily check 
that F is the only G-invariant l-ditnensional subspace ofE, so E is indecomposable. 

To avoid an inconvenient hke that in Example D.2.2, we introduce a particular 
kind of GL(y)-representations. An A^-dimensional GL(y) -representation E is called 
rational if in the homomorphism 



each of the A^^ coordinate function is a rational function in the n^ variables. Analo- 
gously we define a polynomial representation. Notice that the representation of Exam- 
ple D.2.2 was not rational. In fact it turns out that the analog of Mashcke's theorem 
holds true for rational representations of GL(y) (for instance see Weyman [107, Theo- 
rem 2.2.10]). 

Theorem D.2.3. Any indecomposable rational representation o/GL(y ) is irreducible 
(recall that char(k) ~ Q). 

Remark D.2.4. Theorem D.2.3 does not hold in positive characteristic. For instance, 
let k be a field of characteristic 2, V a 2-dimensional vector space and E = Sym^{V) 
with the natural action. Let {.y, y} a basis of V. With respect to the basis {x^,xy,y^} of 
E, the action is 



p :M* 



a 




Since p(a){x,y) ~ (jc + log it is clear that the subspace 



F^{{x,0) : xeR}'ZE 



k"' 3 GL(y) ^ GL(£) C k' 



p : GL(y) ^ GL(£) 






ad + be 
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So p is a polynomial representation. Particularly it is rational. Moreover, since the 
subspace F =< x^,y^ >C E is invariant, E is not irreducible. However, it is easy to 
check that there are no invariant subspaces of E but {0}, F and E. Therefore E is 
indecomposable. 

A crucial concept in representation theory is that of weight vectors. Let us call 
H C GL(y) the subgroup of diagonal matrix, and, for elements x . . . ,x„ G k\ {0}, 
let us denote by diag(x) G H the diagonal matrix 



diag(x) : = 



/ xi ••• \ 
X2 ■■■ 



V ••• x„ J 



If £ is a rational GL(V)-representation, a nonzero element v e £ is called a weight 
vector of weight a = (ai , . . . , a„ ) £ Z" if 

diag(x)v = x"v, x" ■.= x"'---x^" 

for all diagonal matrices diag(x) G H. 

Remark D.2.5. Let £ be a rational GL(y) -representation, ^ = ei , . . . ,e„ a k-basis of 
V, G a permutation of the symmetric group §„ and the k-basis ef^^i^,. . . ,eff^„y We 
can think to £ as a representation with respect to ^ or to ^^a- However a weight vector 
V e £ of weight (ai , . . . , a„) with respect to 3§ will have weight (ap-fi), . . . , oiain)) with 
respect to ^(j- This is not a big deal, but it is better to be aware that such situations can 
happen. Sometimes it will also happen that we consider weights j5 with j3 G Z'' and 
p <n. In such cases we always mean j3 with zeroe-entries added up to n. For instance, 
if j3 = (4,1,-1,-2,-3) and « = 7, for weight j3 we mean (4,1,0,0,-1,-2,-3). 

As one can show, it turns out that £ is the direct sum of its weight spaces : 

£ = £a, Ea := {veE : diag(x)v = x«v V diag(x) e H}. 

aeZ" 

Let B (y ) C GL(y ) be the subgroup of the lower triangular matrices. A nonzero 
element v G £ is called a highest weight vector if Z?_ (V ) v C < v >. It is straightforward 
to check that a highest weight vector actually is a weight vector. (One can also define 
the highest weight vector with respect to the subgroup B+(V) C GL(y) of all the upper 
triangular matrices: the theory does not change). Highest weight vectors supply the key 
to classify the irreducible rational representations of GL{V). In fact: 

(i) A rational representation is irreducible <=^ it has only one highest weight 
vector ( up to multiplication by scalars). 

By what said in Remark D.2.5, we can, and from now on we do, suppose that the 
only highest weight of an irreducible rational representation is a = {ai , . . . , a„) with 
ai > . . . > a„. After this observation, we can state a second crucial property of highest 
weight: 

(ii) Two rational irreducible representations are isomorphic their highest 
weight vectors have the same weight. 

The third and last fact we want to let the reader know is: 

(Hi) Given a = (0!i ,...,«„) G Z" with ai > . . . > o;„, there exists an irreducible 
rational representation whose highest weight vector has weight a. 
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D.2.1 Schur modules 

In this subsection we are going to give an explicit way to construct all the irreducible 
rational representations of GL(y). The plan is first to describe such representations 
when a e N". In this case the corresponding representation is actually polynomial. 
To get the general case it will be enough to tensorize the polynomial representations 
by a suitable negative power of the determinant representation. We will soon be more 
precise. Let us start introducing the notion of partition: A vector A = (Ai , . . . , X^) G N*"' 
is a partition of a natural number m, written A h m, if Ai > A2 > . . . > A^^ > 1 and 
Ai + A2 + . . . + A/^ = m. We will say that the partition A has k parts and height ht(A) = 
Ai. Sometimes will be convenient to group together the equal terms of a partition: 
For instance we will write (A:'') for the partition {k,k,. . . ,k) £ W', or (3^,2^, 1^) for 
(3,3,3,2,2, 1,1,1,1). From a representation E, we can build new representations for 
any partition A, namely L^E. If £ = V is the representation with the obvious action of 
GL(y ) the obtained representations LiV, called Schur module, will be polynomial and 
irreducible. The k-vector space L^V is obtained as a suitable quotient of 

/\V(g>/\V(g)...(g>/\V, 

and the action of GL(y) is the one induced by the natural action on V. To see the 
precise definition look at [107, Chapter 2]. We can immediately notice that Lf^V = 
if ht(A) > n = dimis V. However in characteristic 0, that is our case, the above Schur 
module can be defined as a subrepresentation of (^"'V: Since we think that for this 
thesis is more useful the last interpretation, we decided to give the details for it. 

We can feature a partition A as a (Young) diagram , that we will still denote by A, 
namely: 

A :== eN\{0} xN\{0} : /<;tand ; < A,}. 

It is convenient to think at a diagram as a sequence of rows of boxes, for instance the 
diagram associated to the partition A = (6,5,5,3, 1) features as 



A 



Obviously we can also recover the partition A from its diagram, that is why we will 
speak indifferently about diagrams or partitions. Sometimes will be useful to use 
the partial order on diagram given by inclusion. That is, given two partitions 7 = 
(7i: • • • 7 7/i) ^nd A = (Ai, . . . , A^^), by 7C A we mean h<k and 7 < A/ for all / = 1, . . . 
We will denote by | A | the number of boxes of a diagram A, that is | A | := Ai + . . . + A^^. 
So A h |A |. Given a diagram A, a (Young) tableu A of shape A on [r] := {1, . . . ,r} is 
a filling of the boxes of A by letters in the alphabet [r]. For instance the following is a 
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tableu of shape (6,5,5,3, 1) on {1, . . . ,r}, provided r>l . 



3 


5 


4 


3 


2 


7 


2 


1 


7 


6 


4 




2 


2 


3 


1 


2 




5 


6 


7 






1 











Formally, a tableu A of shape X on [r] is a map A : A ^ [r\. The content of A is the 
vector c(A) = (c(A)i , . . . ,c(A),-) e N'' such that c(A)p |{(/,;) : A(/,;) = p]\. In 
order to define the Schur modules we need to introduce the Young symmetrizers: Let 
A be a partition of m, and A be a tableu of shape A such that c(A) = (1,1,... ,1) S N'". 
Let Sm be the symmetric group on m elements, and let us define the following subsets 
of it: 

"^A := {c7 e §„, : C7 preserves each column of A}, 
: = { T G §m : T preserves each row of A} . 
The symmetric group §,„ acts on (g)'"y extending by k-linearity the rule 

(7(vi (g)...® v,„) Vfj(i)(8)...(8) V(j(„,), C7 e §,„, v/ e V. 
With these notation, the Young symmetrizer is the following map: 

m m 

e(A):(g)V ^ (g)y 

V = Vl(g)...(g)V,„ IaG«'AlTG.«'^Sgn(T)aT(v) 

One can check that the image of e(A) is a GL(V)-subrepresenation of More- 
over, up to GL(y) -isomorphism, it just depends from the partition A, and not from the 
particular chosen tableu. Thus we define the Schur module LxV as 

m 

L;tV:-e(A)(0y). 

To see that this definition coincides with the one given at the beginning of this sub- 
section see [107, Lemma 2.2.13 (b)]. (Actually in [107] the definition of the Young 
symmetrizers is different from the one given here, and the statement of [ ' ( !7, Lemma 
2.2.13 (b)] is wrong: However, the argument of its proof is the correct one). 

Example D.2.6. The Schur modules somehow fill the gap between exterior and sym- 
metric powers. This example should clarify what we mean. 

(i) Let A := (m) and A{l,j) := j for any j =\,...,m. In this case — {id[m]} cind 
^A = Sm- Therefore, if v = v\® . . .®Vm & V, then 

e(A)(v) = sgn(T)T(v). 

TG§„, 

The image of such a map is exactly /\"' V C (g)'" V. So L(^„j-^V = /\"' V. 

(ii) Let A := (1™) G N*" and A{ j, 1) := j for any j ~ 1, . . . ,ot. This is the opposite 
case of the above one, in fact we have ^a = Sm and M/^ = {idj^j}. Therefore, if 
V = v\® ...®Vni & ®"'V, then 

e{A)iv)= a{v). 
The image of such a map is exactly Sym"'y C (g)'" V. So L^im-^V = Sym'"K 
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Before stating the following crucial theorem, let us recall that the transpose parti- 
tion of a partition A = (Ai , . . . , A^.) is the partition 



Notice that |A| = |'A|, 'A has ht(A) parts, A has ht('A) parts and '('A) = A. 

Theorem D.2.7. The Schur module LxV is an irreducible polynomial representation 
with highest weight 'A. So all the irreducible polynomial representations are of this 
kind. 

From Theorem D.2.7 it is quite simple to get all the irreducible rational GL(y)- 
representations. For A: G Z, let us define the ^th determinant representation D'' to be the 
1-dimensional representation GL{V) — k* which to a matrix g E GL{V) associates the 
^th power of its determinant, namely det(g)*^. It urns out that D.= D^ is the determinant 
representation A"^- 

Remark D.2.8. In this remark we list some basic properties of the determinant repre- 
sentations. 

(i) Clearly D'^ is a rational representation for all A: G Z. Moreover it is polynomial 
precisely when e N. 

(ii) Being 1-dimensional, D'^ is obviously irreducible. Furthermore it is straightfor- 
ward to check that its highest weight is {k,k,... ,k) e Z". Therefore, if ^ > 
Theorem D.2.7 impUes that D'' = L^V where A = («,«, ...,«) G Z*^. 

(iii) If £ is a irreducible rational representation with highest weight (ai , . . . , a„), one 
can easily verify that £ (g) D*^ is a rational irreducible representation with highest 
weight (ai +k,. . . ,a„+k). 

Eventually we are able to state the result which underlies the representation theory 
of the general linear group. 

Theorem D.2.9. A rational representation E is irreducible if and only if there exists a 
partition A and k £ Z such that E = L^V ®D^. In particular: 

( i) For each vector a = (ai ,a„) G Z" with ai > . . . > o;„ the unique irreducible 
rational representation of weight a is given by L ixV ^D'^ where A; = (Xi — k>Q 
fori^ 

( ii) Two irreducible rational representations L^V ®D'' and LyV ® are isomorphic 
if and only if'?ui + k = 'yi + h for all i = !,...,«. 

Remark D.2.10. If E is an irreducible rational representation with highest weight 
a — {ai,...,a„), then it easy to check that its dual representation E* is an irre- 
ducible rational representation with highest weight (— a„, . . . , — ai). In particular, if 
A = (Ai , . . . , A^.) is a partition, we denote by A* = (Aj* , . . . , A^ ) the partition such that 
Af =n~ By Theorem D.2.9 we have a GL(y) -isomorphism 



Moreover one can show that [LxV)* = Lx{V*) (see the book of Procesi [90, Chapter 
9, Section 7.1]). For this reason, from now on we will write L^V* for {LxV)*: Each 
interpretation of such a notation is correct! 

We want to end this subsection describing a k-basis of the Schur modules LxV 
in terms of the tableux of shape A. A tableu A is said to be standard if its rows are 
increasing (A(/,y) < A(;,y + 1)) and its columns are not decreasing (A(/,j) < A(; + 



'A = ('Ai,..., 



'A;i,)where'A,:=|{;:A,>/}|. 



{LxVr'^Lx,®D 



k 
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Among the standard tableux of fixed shape X one plays a crucial role: The 
canonical tableu cx- For any /,y such that j < A,-, we have cx{i,j) '■= j- For instance 
the canonical tableu of shape A, = (6,5,5,3, 1) is: 



Notice that the content of the canonical tableu c^ is the transpose partition 'X of A. If 
not already guessed, the reason of the importance of the canonical tableux will soon be 
clear. Fixed a k-basis {ei , . . . ,e„} of V, it turns out that there is a 1-1 correspondence 
between standard tableux of shape A on [n] and a k-basis of L^V. The correspondence 
associates to A the equivalence class of the element 

(eA(l,l) A ... A eA(LAi)) ■ ■ ■ ® {eA{k.l) A ... A eA(A-,;ij,))- 

By meaning of the Young symmetrizers, once fixed a tableu F of shape A on [|A|] of 
content (1, 1, . . . , 1) e Zl'^l, the correspondence is given by 

A ^ e(r)(eA(i,i) (g) . . . «)eA(i,;ii) ® . . . «)eA(*:,l) . . . ®eA(i.a^.))- 

With respect to both the correspondences above, any tableu A is a weight vector of 
weight c(A). Moreover the canonical tableu c^ corresponds to the highest weight vec- 
tor of L^V. 



D. 2.2 Plethysms 

What said up to now implies that, given a finite dimensional rational GL(y )-representation 

E, there is a unique decomposition of it in irreducible representations, namely 

£5^ (L;ty®D'^)'"(^''^'. (D.l) 

ht(A)</i 

The numbers ni{X,k) are the multiplicities of the irreducible representation LxV 
appears in E with. To find these numbers is a fascinating problem, still open even 
for some very natural representations. When the representation E is polynomial, the 
decomposition, rather than as in (D.l), is usually written as 

L;iy'"(^) (D.2) 

ht(A)<H 

For instance, the decomposition of SyrcJ'{/\''V) is unknown in general, and to find 
it falls in the so-called plethysm's problems. Unfortunately, this fact caused some 
obstructions to our investigations in Chapter 3. At the contrary, an help from represen- 
tation theory came from Pieri's formula, a special case of the Littlewood-Richardson 
rule. 
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Theorem D.2.11. (Pieri's formula) Let X = (Ai, . . . , A^:) h rand X{j) = (Ai + 7, Ai , A2, A3, . 

Then 

j 

LxV®/\y^ L^y 

llhr+j. lit(fl)<n 
lC,lCl(j) 



and 



fih+j, ht(fl)<« 



Proof. For the proof of the first formula see [90, Chapter 9, Section 10.2]. The dual 
formula is straightforward to get from the first one. □ 



D.3 Minors of a matrix and representations 

Let k be a field of characteristic 0, m and « two positive integers such that m < n and 



X 



X21 X22 



Xln \ 

X2n 



\ X/n\ Xm2 Xmn j 

amx n matrix of indeterminates over k. Moreover let 



R: 



[Xij 



l,...,m, ^ l,...,n] 



be the polynomial ring in m ■ n variables over k. Let W and V be k-vector spaces of 
dimension m and n, and set G GL(W) x GL(y). The rule 



{A,B)*X -.^A X B-^ 

induces an action of the group G on Rf. Namely {A,B) * x/j = x'-j where x'^ de- 
notes the (/y)th entry of the matrix (A,B) *X. Extending this action R becomes a 
G-representation. Actually, each graded component R^ of is a (finite dimensional) 
rational G-representation. 

In Chapter 3 we dealt with the above action of G = GL(W) x GL(V): Therefore 
we need to introduce some notation about G-representations of this kind. Let F be a 
GL(W)-representation, and £ be a GL(y)-representation. Then T := F ®E becomes 
a G-representation. Furthermore, if F and E are irreducible, T is irreducible as well. 
More generally, two potential decompositions in irreducible representations 

F^^Fi and £-0£;, 



yield a decomposition in irreducible G-representation ofF®E, namely 

T = ^F,®Ej. 
hi 

Let us assume that F and E are both rational. If / G F is a weight vector of weight 
j3 G Z™ and e e £ is a weight vector of weight a € Z", then we say that t \— f ®ev& 
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a bi-weight vector of bi-weight (j3 10£). This is equivalent to say that, for any diag(y) G 
GL{W) and diag(x) G GL(y), we have 

(diag(y),diag(x))-r = y^x"f. 

Let / and e be highest weight vectors of, respectively, F and E. For questions of 
notation we suppose that they are invariant, respectively, with respect to B iW) and to 
B+{V). Setting B = B_ (IV) xB+{V), we have that 

B t c<r > . 

We call t an highest bi-weight vector of T . 
Let us consider the symmetric algebra 

Sym{W®V*) ^^Sym\w®V*). 

dm 

Let {ei , . . . ,e„,} be a basis of W and {/i, . ■■,/«} be a basis of V. Denoting the dual 
basis of {/i ,...,/„} by {/j* ,...,/*}, consider the isomorphism of graded k-algebras 

^■.R ^ Sym{W®V*) 
Xij ^ ei®f* 

As one can check, is G-equivariant. Thus, it is an isomorphism of G-representations. 
Furthermore the G-representation Sym'^^W ®V*) can be decomposed in irreducible 
representations: There is an explicit formula for such a decomposition, known as the 
Cauchy formula [90, Chapter 9, Section 7.1]: 

Sym''(W®y*)?S ^ LxW®LxV*. (D.3) 

ht(A)<m 

SinctRj and Sym''(W® V*) are isomorphic G-representations, we will describe which 
polynomials belong to the isomorphic copy of LxW ® LxV* in R, underlining which 
one is [/-invariant. We need a notation do denote the minors of the matrix X. Given 
two sequences \ <i\ < ... <is<m and 1 < ji < . . . < js < we write 

for the i-minor which insists on the rows i\,...,is and the columns of X. 

Since an element of G takes an i-minor in a linear combination of s-minors, the k- 
vector space spanned by the i-minors is a finite dimensional G-representation. So it 
is plausible to expect a description of the irreducible representations Lf^W (E) LxV* in 
terms of minors. For any pair of standard tableu A and F of shape A = {Xi, . . . ,Xit), 
respectively on [m] and on [n], we define the following polynomial of R: 

[A|r]:=5i---5i 

where 

5,- := [A(/, 1 ) , . . . , A(/, A,-) |r(/, 1 ) , . . . , r(/, A,-)] V / = 1 , . . . , A: 

We say that the product of minors [AjF] has shape A . One can show that the product of 
minors [cx \cx] is ahighestbi-weight vector of bi-weight (('Ai , . . . /A,„)|(— 'A„, . . . , — 'Ai)), 
so there is an isomorphism of G-representations 

Mx:=G^[cx\cx]-LxW®LxV*. 
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Actually, it turns out that the set 

{[A|r] : A and F are tableu of shape X, respectively on [m] and on [«]} 

is a k-basis of (see the paper of DeConcini, Eisenbud and Procesi [28] or the book 
of Bruns and Vetter [ 15, Section 11]). 

In Chapter 3 we were especially interested in the study of the k-subalgebra of R 



generated by the f-minors of X, where f is a positive integer smaller than or equal to m. 
These algebras are known as algebras of minors. It turns out that the algebra of minors 
At is a G-subrepresentation of R. Therefore it is natural to ask about its decomposition 
in irreducibles. Equivalently, which are in A,? The answer to this question is 
known. Before describing it, we fix a definition. 

Definition D.3.1. Given a partition A = (Ai , . . . , A^.) we say that it is admissible if t 
divides |A| and tk < |A|. Furthermore we say that A is d-admissible if |A| = td. 

Let us denote by [Ai\j the k-vector space consisting in the elements of At of de- 
gree td in R. This way we are defining a new grading over A, such that the f-minors 
have degree 1 . The below result follows at once by the description of the powers of 
determinantal ideals got in [28]. 

Theorem D.3.2. For each natural number d and for each I < t < m we have 



At = At{rn,n) 



e 



Lf^W(^LxV*. 



A is d-admissible 



A is d-admissible 



ht(A) < m 



ht{A) <m 
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Combinatorial commutative 
algebra 

Below we recall some basic facts concerning Stanley-Reisner rings. Standard refer- 
ences for this topic are Brans and Herzog [ 1 3, Chapter 5], Stanley [100] or Miller and 
Sturmfels [81] 

Let k be a field, n a positive integer and S := k[xi , . . . ,Xi,] the polynomial ring on n 
variables over k. Moreover, let us denote by m (jci, . . . ,x„) the maximal irrelevant 
ideal of 5'. We write [n] for {1, . . . ,«}. By a simplicial complex A on [«] we mean a 
collection of subsets of [n] such that for any F e A, if G C F then G £ A. An element 
F e A is called a face of A. The dimension of a face F is dimF := \F\ — 1 and the 
dimension of A is dimA := maxjdimF : F <E A}. The faces of A which are maximal 
under inclusion are called /acef^. We denote the set of the facets of A by ^(A). Ob- 
viously a simplicial complex on [n] is univocally determined by its set of facets. A 
simplicial complex A is pure if all its facets have the same dimension. It is strongly 
connected if for any two facets F and G there exists a sequence F = Fo,Fi, . . . ,Fs = G 
such that e ^(A) and |/^A = \ (/^-nF;-!)! = 1 for any ; 1, . . . ,i. 

For a simplicial complex A we can consider a square-free monomial ideal, known as 
the Stanley-Reisner ideal of A, 

/a := (jc,-, • • -Jc/, : {/i, . . . ,/,} <^ A). (E.l) 

Such a correspondence turns out to be one-to-one between simplicial complexes and 
square-free monomial ideals, its inverse being 

I^A{I):={Fe[n] : H-^/ G /} 

for any square-free monomial ideal ICS. The k-algebra k[A] := S/Ia is called the 
Stanley-Reisner ring of A, and it turns out that 

dim(k[A]) =dimA+l. 

More precisely, with the convention of denoting by p/^ :~ (x,- : / € A) the prime ideal 
of S generated by the variables correspondent to a given subset AC [«], we have 

4 = n P[n]\F- 
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Remark E.0.3. Thanks to the above interpretation and to Lemma B.0.7, we have that 
a simplicial complex A on [n] is strongly connected if and only if k[A] is connected in 
codimension 1. 

We will use another correspondence between simplicial complexes and square-free 
monomial ideals, namely 

A^J{A):= n Pf- (E-2) 

The ideal /(A) is called the cover ideal of A. The name "cover ideal" comes from 
the following fact: A subset A C [n] is called a vertex cover of A if A n F 7^ for any 
F G ^(A). Then it is easy to see that 

/(A) = (x,j • • • jc,j : {i'l , . . . , is} is a vertex cover of A) . 

Let A"^ be the simplicial complex on [«] whose facets are [«] \ F such that F £ ^(A). 
Clearly we have I^c = J[A) and /a = J{A'^)- Furthermore {A''Y = A, therefore also 
the correspondence (E.2) is one-to-one between simplicial complexes and square-free 
monomial ideals. 



E.l Symbolic powers 

If 7? is a ring, and a C is an ideal, then the mth symbolic power of is the ideal of R 

(jM {a'"Rw)nRCR, 

where the multiplicative system W is the complement in R of the union of the associated 
prime ideals of a. If a = is a prime ideal, then p^'"' = {p"Rp) HR. One can show 
that p'"'' is the ^-primary component of p^\ so that ^'™' = p" if and only if p" is 
primary. Furthermore, one can show the following: 

Proposition E.1.1. Let a be an ideal of R with no embedded primes, that is Ass(a) = 
Min(a). If a = nf=i ^i minimal primary decomposition of a, then 

1=1 

In the case in which a is a power of a prime monomial ideal of the polynomial ring 
S, i.e. there exists F C [«] and ^ G N such that a = j^^, then it is easy to show that 

a'" = a*'") V m G N. 

Therefore if A is a simplicial complex on [n] and / ~ V\Fe^[A) pV ^ where CD/? are some 
positive integers, then Proposition E.1.1 yields 

fl p""*'^ (E.3) 

fG.^(A) 

In particular 

= n ^\n\\F and y(A)(-) = n ^F- 

Fe.^(A) F£^(A) 



E.2 Matroids 
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E.2 Matroids 

A simplicial complex A on [n] is a matroid if, for any two facets F and G of A and any 
i G F, there exists a j G G such that {F\ {/}) U{j} is a facet of A. 

Example E.2.1. The following is the most classical example of matroid. Let V be a 
h-vector space and let A {vi, . . . , v„} a set of distinct vectors of V. We define a 
simplicial complex on [n] as follows: A subset F C [n] is a face of A ;/ and only if 
dimnj;(< Vi : i € F >) = \F\. This way the facets of A are the subsets of[n] correspond- 
ing to the bases in A of the h-vector subspace < , . . . , > C V . Actually, the concept 
of matroid was born as an "abstraction of the bases of a k-vector space". 

A matroid A has very good properties. For an exhaustive account the reader can see 
the book of Welsh [106] or the one of Oxley [SS]. We use matroids in Chapter 4 and, 
essentially, we need three results about them. The first one, the easier to show, is that a 
matroid is a pure simplicial complex ([88, Lemma 1.2.1]). The second one, known as 
the exchange property of matroids, states that for any matroid A, we have 

VF,Ge^(A), V/GF, 3;gG : (F \ {/}) U {;}, (G\ {;}) U {/} G ^(A), (E.4) 

(this result is of Brualdi [' •], see also [ss, p. 22, Exercise 11]). The last fact is a basic 
result of matroid theory, which is a kind of duality. For the proof see [88, Theorem 
2.1.1]. 

Theorem E.2.2. A simplicial complex A on [n] is a matroid if and only if A'^ is a 
matroid. 

If A is a matroid. A' is called its dual matroid. 

E.3 Polarization and distractions 

Sometimes, problems regarding (not necessarily square-free) monomial ideals / C 5 
can be faced passing to a square-free monomial ideal associated to /, namely its polar- 
ization I, which preserves many invariants of /, such as its minimal free resolution. 
More precisely, the polarization of a monomial f = x"' • • -x"" is 

^ "1 "2 a„ ^ 

f — Yl^ij ■ Y[^2j ■ ■ ■ Yl^nj C S, 

where the x,-./s are new variables over k and S := ^[xij : i = I, . . . ,n j = 1, . . . ,«,]. 
Actually it is not so important that S is generated by variables Xjj with j < aj. The 
significant thing is that it contains all such variables, in such a way that t E S. For 
example, it is often convenient to consider S = k[xij :/=!,...,« j = I, . . . ,d] where 
d is the degree of t. 

The concept of polarization fits in a more general context, that of distractions (see 
Bigatti, Conca and Robbiano [ ]), which is useful to introduce. Let P := k[yi,. . . ,yN] 
be a polynomial ring in variables over k. An infinite matrix ^ = (i!',;),G[Af] jgn with 
entries L,j G Pi is called a distraction matrix if < Li j, , . . . ,LN.j^ >= P\ for all y, G N 
and there exists G N such that L,-,,- = L,jt for any j > k. If f = y"' • • • y^ is a monomial 
of P, the .^-distraction of t is the monomial 

"1 "2 "JV 

Dj^{t):^Y\Lrj-Y\L2,yY\LN,jCP 
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Remark E.3.1. In this remark we want to let the reader noticing how the polarization 
is a particular distraction. Let t = x"' ■ ■ -x"" be a monomial of S and t is polarization 
in the polynomial ring S ~ : / e [n], j G [d]], where d is the degree of t. Let us 
think at S as the polynomial ring P given for the definition of distractions. So N = nd. 
Moreover, we can look at t as an element of P, namely 

Let us consider the following matrix 

if i <n and j <d 

if n < i < N, j < d and / ~ qn + r with < r < n 
if j > d 

One can easily check that .if is a distraction matrix, and that 

D^{t)=T. 

By Remark E.3.1, we can state the results we need during the thesis in the more 
general context of distractions, even if we will actually use them just for the case of the 
polarization. 

Fixed a distraction matrix we can extend k-linearly Djf, getting a k-linear map: 

Dj^:P^P 

Of course Z)^ is not a ring homomorphism, however we have that Djf{I) is an ideal of 
P for any monomial ideal I C P ([8, Corollary 2.10 (a)]). Moreover, if / = (fi , . . . ,?,„), 
then Dj^il) = (D^(fi), . . . ,D^{t„)) ([8, Corolla:^ 2.10 (b)]) and ht(D^(/)) = ht(/) 
([8, Corollary 2.10 (c)]). Furthermore, [*>', Proposition 2.9 (d)] implies that, if 7 = 
nf^j/,, where the /,'s are monomial ideals of P, then; 

/' 

D^{I) = f]D^{Ii). (E.5) 

(=1 

Remark E.3.2. If 7 = (f i , . . . , f,„) C S, the polarization of I is defined to be: 

7= (fl, . . . ,fm) C S = k[xij : i e [«], e [d]], 

where d is the maximum of the degrees of the f,'s. By the discussion previous to the 
remark we deduce that / and Dj^{I) are basically the same object. The equality (E.5) 
can be interpreted as 

_ p _ _ 

/=n/,C5. (E.6) 

1=1 

where all the ideal involved are polarized in the same polynomial ring 5'. 

Remark E.3.3. As it already got out by Remark E.3.2, among the things which distin- 
guish polarization and distractions, is that the ambient ring, contrary to what happens 
for the former, does not change under the latter operation. Of course, this is just a super- 
ficial problem, since we can add variables before polarizing, as we did in Remark E.3.1. 
However the reader should play attention to this fact: If / is a monomial ideal of P and 
^ is a distraction matrix, then we have the equality HFp/j = Wpj^^g-^ ([8, Corollary 
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2.10 (c)]). Of course, it is not true the same fact for polarization: Namely, in general, if 
/ is a monomial ideal of S, it might happen that HF^/i ^ HF^^j^. Actually, even dim 5// 

is in general different from dimS/I. However, in view of Remark E.3.1, one should 
expect that the properties of distractions hold true also for polarization. This is actually 
the case, but the right way to think is "for codimension": In fact, we have ht(/) = ht(/); 
moreover, suppose that the Hilbert series of S/I is HS5//(z) — h{z)/{l — zY , where 
h{z) € is such that h{\) 7^ and d is the dimension of S/I (for instance see the 
book of Bruns and Herzog [13, Corollary 4.1.8]). Then, HSj^j^^, = /z(z)/(l -^)^ 

where e = dim(5//). 

In [8, Theorem 2.19], the authors showed that the minimal free resolution of a 
monomial ideal /CP can be carried to a minimal free resolution of Djf{I). In partic- 
ular, we get the following: 

Theorem E.3.4. Given a distraction matrix I£, the graded Betti numbers of P /I and 
those of P/D^{I) are the same. Particularly, P/I is Cohen-Macaulay if and only if 
P/Djf(I) is Cohen-Macaulay. 
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